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ABSTRACT. Let f : X — Y be a morphism between smooth schemes over a perfect field k. Let
F be a constructible sheaf on X and Z a closed subscheme of X such that f is SS(F)-transversal
outside Z. We construct a class supported on the non-transversal locus Z by using the characteristic
cycle CC(F) defined by T. Saito. This class is a geometric counterpart of the non-acyclicity class
introduced by the third author and Zhao in [18]. Under certain conditions, the formation of this
class is compatible with base change and proper pushforward. It also satisfies the Milnor formula
and a conductor formula.

We conjecture that the image of this geometric class under the cycle class map is the non-
acyclicity class. This conjecture can be viewed as a (relative version of) Milnor type formula for
non-isolated singularities. We prove this conjecture when k is algebraically closed, X is quasi-affine
and Y = Aj.
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1. INTRODUCTION

1.1. Let k be a perfect field of characteristic p > 0 and S = Speck. Let A be a finite field of
characteristic £ # p. Let X be a smooth scheme over S and f : X — Y a flat morphism of finite
type to a smooth curve Y over S. If f has an isolated singularity at a closed point zp € |X|, there
is an invariant u(X/Y, o) supported on g, called the Milnor number. The Milnor formula [6,
Théoreme 2.4] proved by Deligne says that the Milnor number is related to the total dimension at
xo of the vanishing cycles R®(A, f) of f for the constant sheaf A, i.e.,

(1.1.1) (—1)"u(X/Y, 20) = — dimtot R®5, (A, f),

where n = dimX and dimtot = dim+Sw denotes the total dimension. Later in [8], Deligne proposed
a Milnor formula for any constructible sheaf F of A-modules on X, which is realized and proved by
Saito in [13]. If zyp € |X| is at most an isolated characteristic point of f with respect to the singular
support of F, then Saito’s theorem [13, Theorem 5.9] says

(1.1.2) (CC(F), df )+ x 0y = — dimtot R®z, (F, f),

where CC(F) is the characteristic cycle of F. Now we propose the following question:
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Question 1.2. Is there a Milnor type formula for non-isolated singular/characteristic points?

1.3. If f is a projective flat morphism and if f is smooth outside f~!(y) for a closed point  of the
curve Y, then the conductor formula of Bloch (cf. [14, Theorem 2.2.3 and Corollary 2.2.4])

(1.3.1) —ay(REA) = (=1)"(X, X)gex.x, = (—1)"degeX y. (k) N [X]

gives a partial answer to Question 1.2. We view (1.1.1), (1.1.2) and (1.3.1) in the form
(1.3.2) deg(geometric class on singular locus) = deg(cohomology class on singular locus).
We expect the equality holds without taking degree, i.e.,

(1.3.3) cl(geometric class) = cohomology class,

where cl is the cycle class map. In the paper [18], the third author and Yigeng Zhao introduced
a (cohomological) non-acyclicity class which is supported on the non-acyclicity locus. Let Y be a
smooth scheme over k and X — Y a separated morphism over k. Let Z C X be a closed subscheme
and F € De(X, A) such that X \ Z — Y is universally locally acyclic relatively to F|x\z. Then
the cohomological non-acyclicity class C~’)Z(/Y/k(]-") is a class in Hy(X, Kx/v/k), where Kx y;, sits
in a distinguished triangle

(1.3.4) Kxyy = Kxe = Kxyve e

In this paper, we construct the geometric counterpart of the non-acyclicity class C~')Z( 1Yk (F). More

precisely, when X — Y is a morphism between smooth schemes of pure dimensions over k such

that X — Y is SS(F)-transversal outside Z, then we construct a class CC)Z(/YM(]:) € CHo(Z) (cf.

(3.9.1)), called the geometric non-acyclicity class of F. Explicitly, we put » = dimY > 0. Let

q: P(T*Y xy X) — X be the projective bundle, with the tautological line bundle O(—1) over it.

Let df be the section of ¢*T*X ® O(1) induced by df : T*Y xy X — T*X. Write CC(F)oq) for
the conical cycle locally identified with ¢*CC(F) after trivializing O(1), cf. section 3.8. Define

<q*f*T*(Y/k)

Cr1\ =
O(-1)

By SS(F)-transversal condition of f outside Z, we may define the (geometric) relative characteristic

class ccx\ z/y (F) € CHaimy (X \ Z) which has a canonical extension ¢cx,y (F) € CHgimy (X). For
7 : Z < X, we have the fibration formula (3.12.1)

(1.3.6) cexp(F) = cdimy(f*ﬂi,’yk) Neex y (F) + T*ccf(/y/k(}").

In general, we may replace the Speck with general smooth connected scheme S, and we have
the following properties, cf. equation (3.12.1), Propositions 3.22, 3.23, and 3.14, Theorem 3.15,
Corollary 3.24:

(1.3.5) ch(/y/k(]:) =z«

> HE'CC(]‘-)@(U € CHy(Z2).

Theorem 1.4. Let k be a perfect field of positive characteristic and A a finite local ring whose
residue characteristic is invertible in k. Consider morphisms f : X — Y, g: Y — S of smooth
separated schemes of finite type over k, all of pure dimension. Assume that S is connected of
dimension s and that g is smooth of pure relative dimension r > 0. Put h = go f, and let
7:Z < X be a closed immersion. Let F € Detg(X, A) such that h is SS(F)-transversal and f|x\z
is SS(F|x\z)-transversal. Then the geometric non-acyclicity class CC)Z(/WS(]:) € CHs(Z) has the
following properties.

(1) (Fibration formula) Let
(1.4.1) cex)s(F) = (—1)*dh'CC(F)
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be the geometric characteristic class. There is a canonical class cCx/y(F) € CHrys(X)
whose restriction to X \ Z is ccx\z) /v (Flx\z). We have

(1.4.2) cexys(F) = e ((F*Qyy9)Y) Neexyy (F) + mecek jyyg(F)  in - CHy(X).
(2) (Pullback) Let § : S — S be a morphism, where S’ is smooth and connected of dimension
s over k. Put X' = X xS, Y' =Y xg858 and Z' = Z x5 5, and let ix : X' — X and
f': X" = Y’ be the induced morphisms. Assume that X' and Y’ are smooth and of pure

dimension, that dim X' —dim X = s’ — s, and that ix is properly SS(F)-transversal. Then
we have

(143) ZiXCC)Z(/thU:) = CC?(,//Y//S/(Z‘;(.F) in CHS/(Z/).

(3) (Proper pushforward) Let p : X — X' be a proper morphism over Y, where X' is smooth
and of pure dimension over k, and let f': X' — Y satisfy f = f'op. Let Z' C X’ be closed
with Z C p~1(Z'). Assume that dim p,SS(F) < dim X', where poSS(F) is the image of
(dp)~'SS(F) under T*X' x x: X — T*X'. Then go f" is SS(Rp.JF)-transversal and f'| xn 7
is SS((Rp«F)|xn z')-transversal. Moreover, we have

(1.4.4) pecck )y s(F) = ey 5(Rp.F) in CH,(Z)).

(4) (Milnor formula) Assume S = Speck, Y is a smooth curve and Z is a finite set of closed
points, then we have

(1.4.5) ccf(/y/k(]:) = — ) dimtot R®;(F, f)[z] in CHy(Z),
€L

where R®(F, f) is the complex of vanishing cycles and dimtot = dim + Sw is the total
dimension.

(5) (Conductor formula) Assume S = Speck, Y is a smooth connected curve, and f is proper.
If T CY is a finite set of closed points and Z = f~1(T), then we have

(1.4.6) feeckyyp(F) = = > ay(REF)[y] in CHo(T),
yeT
where ay(G) = rankG; — rankGy 4+ Swy (G) is the Artin conductor of G € Dt (Y, A) at y, and
n is the generic point of Y.
In view of the similarity of CC)Z< Yk (F) to the cohomological non-acyclicity class, it is natural to

formulate the following conjecture:

Conjecture 1.5 (Conjecture 3.16). We have
(1.5.1) C%pyp(F) = ek yu(F)) in HY(X, Kx)yw),

(1.3.4)

where cl : CHy(Z) RN HY(X,Kx) — HY(X,Kx/y) and cl is the cycle class map.

We hope (1.5.1) gives a formulation of Question 1.2 in some sense.

When Z = X, let p : H(X, Kx/) — HO(X, Kx/v/i) be the map induced by (1.3.4) and let
Ox : X <= T*X be the zero section. The conjecture becomes
(15.2) p(A(0XCC(F))) = p(Cxyn(F)),
which is the image of a conjectured formula by Saito [13, Conjecture 6.8(1) and Lemma 6.9(1)]
under p. When f =idx, X is irreducible and U := X \ Z # &, the conjecture becomes

(1.5.3) CY(F) = el (0% (CC(F) = rank(Fly) - CC(N)))  in HY(X,Kx ),



4 KAICHENG BAO, JIANGNAN XIONG, AND ENLIN YANG

where C%(F) is the localized characteristic class of Abbes—Saito [1, Definition 5.2.1], rank F is the
generic rank and the difference of characteristic cycles is supported on 7% X xx Z. In fact, by [18,
p. 163, immediately after Theorem 5.1],

(1.5.4) pz : HY(X, Kx/p) — HY(X,Kx/x/)

is an isomorphism in this case, and we have C%(F) = é)Z( 1x6(F)-
In Section 4, we prove Conjecture 1.5 in the quasi-affine case for morphisms to the affine line over
an algebraically closed field. More precisely, we have the following theorem.

Theorem 1.6 (Theorem 4.2). Let k be an algebraically closed field of characteristic p > 0 and A a
finite local Ting such that the characteristic of its residue field is invertible in k. Let X be a smooth
quasi-affine scheme of finite type over k, purely of dimension d. Let f : X — A}g = Speck[u] be a
morphism and F € Det(X,A). Put Z = (df)"'SS(F), where

(1.6.1) df = f*du: X — T Ay xu X = T*X
is the section defined by the differential of f. Then we have
(1.6.2) o e (F) = cl(df'CC(F)) in HY(X,Kx/a1x)-

The quasi-affineness of X allows us to choose a global function g such that the generic member
of the family f 4 ug has only isolated characteristic points (Proposition 4.13 and Lemma 4.15).
After passing to the perfect closure of the generic point of A,lf, the desired equality follows from
Saito’s Milnor formula (3.15.1) and the cohomological Milnor formula (3.3.4). We then descend
this equality to the generic point and specialize to v = 0. For this, we prove that the supported
cycle class map is compatible with specialization (Theorem 4.8). Then theorem 1.6 follows from
the specialization formulas for refined Gysin pullbacks and non-acyclicity classes.
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discussions. This work was partially supported by the National Key R&D Program of China (Grant
No. 2021YFA1001400), NSFC Grant No. 12522101 and NSFC Grant No. 12271006. The third
author is supported by Beijing Municipal Natural Science Foundation (Grant No. QY23005).

Notation and Conventions.

(1) Let S be a Noetherian scheme and Schg the category of separated schemes of finite type
over S.

(2) Let A be a Noetherian ring such that mA = 0 for some integer m invertible on S unless
otherwise stated explicitly.

(3) For any scheme X € Schg, we denote by Dc(X,A) the derived category of complexes of
A-modules of finite Tor-dimension with constructible cohomology sheaves on X.

(4) For any separated morphism f: X — Y in Schg, we use the following notations

(163) ,CX/Y = Rf!A, DX/Y(_) = RHOm(—,ICx/Y)

(5) For F € Deye(X,A) and G € Des(Y, A) on S-schemes X and Y respectively, F X5 G denotes
priF @l pr3G on X x5V,

(6) To simplify our notation, we omit R or L denoting the derived functors, unless stated
explicitly or for RHom.
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2. TRANSVERSALITY CONDITION

2.1. We recall the (cohomological) transversality condition introduced in [18, §2.1], which is a
relative version of the transversality condition studied by Saito [13, Definition 8.5]. Consider the
following Cartesian diagram in Schg:

X —>Y

| [
Let F € Ds(Y,A) and G € Do (T, A). Let ¢5 4,7, be the composition

co.p g i F @ pra'G MG F ol it frg
(2.1.2) 24, (i F @F i 17 g)
proj.formula l'(f ®L llZ'f*g) a_dj> Z'(./T" ®L f*g)

We put ¢5 ¢, 7 := c5 0,70 1 " F QL p*§'A — i'F. If cs,f, 7 is an isomorphism, then we say that the

morphism 0 is F-transversal. If ¢;;q 7 is an isomorphism, then we say 4 is F-transversal.
By [18, §2.3], there is a functor 02 : De(Y,A) = Deir(X, A) such that for any F € Deie(Y, A),

we have a distinguished triangle
(2.1.3) FF el p ot 20T 0 F o gAF L

Then § is F-transversal if and only if 62 (F) = 0 (cf. [18, Lemma 2.7]).
The following lemma gives an equivalence characterization between transversality condition and
(universally) locally acyclicity condition.

Lemma 2.2. Let f: X — S be a separated morphism of finite type between Noetherian schemes
and F € Des(X,A). The following conditions are equivalent:

(1) The morphism f is locally acyclic relatively to F.

(2) The morphism f is universally locally acyclic relatively to F.

(3) For any G € Dt(X,A), the canonical map
)

(2.2.1 Dx/s(G) ®E F — RHomx g x (priG, priF)

is an isomorphism in Dey(X xg X, A), where pr; : X xg X — X and pry : X xg X — X
are the projections.
(4) The canonical map

(2.2.2) Dxs(F) B F — RHomx o x (priF, pryF)

is an tsomorphism.
(5) For any Cartesian diagram

(2.2.3) prli O lf

such that all schemes are Noetherian and § is separated of finite type, the morphism § is
F-transversal.
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(6) For any Cartesian diagram (2.2.3) and any G € D (S, A), the morphism csfrg is an
isomorphism.
(7) For any Cartesian diagram

Vxg X 22X/ — o X

(2.2.4) prll O J{f’ O lf

/!
Y ———38 S,

such that all schemes are Noetherian and § is separated of finite type, the morphism § is
F|x-transversal.

(8) For any Cartesian diagram (2.2.4) and any G € Dt (S, A), the morphism c5 1 7|, g is an
isomorphism.

When S is a scheme of finite type over a field k, then the equivalence between (2) and (7) follows
from [18, Propositions 2.3(2) and 2.4]. In this case, we may require Y and S’ smooth over k in (7).

Proof. By a result of Gabber [10, Corollary 6.6], (1) and (2) are equivalent. The equivalence
between (2), (3), and (4) follows from [11, Proposition 2.5, Lemma 2.14, and Theorem 2.16]. By
[18, Proposition 2.3(2)], (2) implies (6). It is clear that (6) implies (5).

Now we show (5) implies (1). By [11, Theorem 2.16], it suffices to show that for any H €
D¢(Y, A), the canonical morphism

(2.2.5) Dy/s(H) K& F — RHom(priH, pryF)
is an isomorphism. Using a standard dévissage argument [3, Exposé IX, Proposition 2.7], we may
assume H = jiA for j : U — Y étale with U affine. In this case, (2.2.5) is the following composition

A .. % 2.2.8 .. .ok
(2:2.6) G Ky s BE F = (j x 1), (" Ky s 85 F) L2555 id). (j x id)*pryF.

In the following we show that
(2.2.7) 3 Ky s 8§ F = (j x id), (* Ky, s K F)

is an isomorphism. We write j as a composition of a proper morphism and an open immersion.
Since § is F-transversal, we have an isomorphism

(2.2.8) Kys B F = pryF.

By the projection formula and proper base change, for any proper morphism ¢ : Y/ — Y and
A € D(Y', A), the following canonical morphism

(2.2.9) gARL F = (g xid)(ARE F)

is an isomorphism. If u : Y/ — Y is an open immersion with complementary closed immersion
7:Z=Y\Y =Y, we have a commutative diagram between distinguished triangles
(2.2.10)

Ky s Bg F Kys ®§ F wa Ky s B F——
(2.2.9)l: l: i
(r x id)i(r' Ky, s K5 F) Ky,s ®5 F (u x id). (u Ky g RE F) —
(2.2.8)l~ i”
+1

(1 x id)(1 x id) (Kys KE F) — Kys Bk F — (u x id)(u x id)* (Ky,g KE F) ———.
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Thus
(2.2.11) w* Ky s BE F — (u x id). (0" Ky s K§ F)

is an isomorphism. Applying (2.2.11) and (2.2.9), we obtain that (2.2.7) is an isomorphism, and
the conclusion follows.

We show (2) implies (8). By assumption, f’ is also universally locally acyclic relatively to F|x.
Thus by (6), the morphism c; /7, g is an isomorphism.

Finally, it is clear that (8) implies (7) and (7) implies (5). O

2.3. Now we recall the geometric transversality condition (cf. [4, 1.2] and [13, Definitions 3.3, 3.5,
and 7.1]). Let X be a smooth scheme over a field k. Let C be a conical closed subset of T*X,
i.e., a closed subset which is stable under the action of the multiplicative group G,,. We denote by
T3 X CT*X the zero section of the cotangent bundle 7" X of X.

(1) Let h: W — X be a morphism from a smooth scheme W over k. We say that h is C-
transversal if the intersection (C' xx W) N dh~ (T}, W) is contained in the zero-section
Ty X xx W CT*X xx W, where dh: T*X xx W — T*W is the canonical map.

If h is C-transversal, we define h°C to be the image of C'x x W under the map dh: T* X x x
W — T*W. By [13, Lemma 3.1], h°C'is a closed conical subset of T*W.

(2) Assume that X and C are purely of dimension d and that W is purely of dimension m.
We say that a C-transversal map h: W — X is properly C-transversal if every irreducible
component of C' x x W is of dimension m.

(3) We say that a morphism f: X — Y to a smooth scheme Y over k is C-transversal if the
inverse image df ~!(C) is contained in the zero-section T3Y xy X C T*Y xy X, where
df : T*Y xy X — T*X is the canonical map.

If f is proper over the base C' N T%X of C, we define f,C to be the image of (df)~1(C)
under the projection pr: T*Y xy X — T*Y. In this case, foC is also a closed conical subset
of T*Y .

The cohomological transversality condition and geometric transversality condition are related as
follows. Let X be a smooth scheme of pure dimension d and A a finite local ring such that the
characteristic £ of the residue field of A is invertible in k. Let F € D(X,A). The singular
support SS(F) defined by Beilinson [4] is a d-dimensional conical closed subset of 7*X. We have
the following properties:

(1) SS(F)NT%X = supp(F).

(2) Let f: X — Y be a morphism to a smooth scheme Y over k. If f is SS(F)-transversal,
then f is universally locally acyclic relatively to F.

(3) Let f: W — X be a morphism from a smooth scheme W over k. If f is SS(F)-transversal,
then f is F-transversal.

Now assume k is a perfect field. By [13, Theorem 5.9 and Theorem 5.18]|, the characteristic cycle
CC(F) is the unique d-cycle CC(F) supported on SS(F) with Z-coefficients such that CC(F)
satisfies the Milnor formula (1.1.2) for F.
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3. GEOMETRIC NON-ACYCLICITY CLASSES

3.1. Let S be a Noetherian scheme and A a Noetherian ring such that mA = 0 for some integer m
invertible on S. Consider the following Cartesian diagram in Schg

X xgY 2o X
(3.1.1) przl 0 lh

where pr; and pry are the projections. For any F € Dcy(X,A) and G € D¢y(Y,A), we have
canonical morphisms

(3.1.2) F )& Kyss = priF @l prig'A RGN pri F,
(3.1.3) F R Dys(G) — RHomx gy (pr3G, priF),
where (3.1.3) is adjoint to

idXev 3.1.2
(3.1.4) FRE (Dy)s(G) @* 6) “B% FRE Kyys 202 pri F.

Note that (3.1.2) is a special case of (3.1.3) by taking G = A. If moreover X — S is universally
locally acyclic relatively to F, then (3.1.3) is an isomorphism by (2.2.5). For a morphism ¢ =
(c1,c2) : C — X xgY, we have a canonical isomorphism by [5, Corollaire 3.1.12.2]

(3.1.5) RHom(c3G, ¢, F) =» ¢ RHom(priG, pr F).

3.2. Consider a commutative diagram in Schg:

7CTL X ! Y,
(3.2.1) \ /
h g
s

where 7 : Z — X is a closed immersion and g is a smooth morphism. Let ¢ : X xy X = X xg X
be the base change of the diagonal morphism § : Y =Y xgY:

X———X

/

/511 O 150

(3.2.2) X xy X —= X xg X

\o| o e
§

N
Y Y xgY,

where Jp and 41 are the diagonal morphisms. Put Ky y/g 1= 5AICX/S ~ 5{5A50*ICX/5. By (2.1.3),
we have the following distinguished triangle (see also [18, (4.6)])

(3.2.3) ICX/Y — ICX/S — ICX/y/S BNy

Let F € Ds(X, A) such that X \ Z — Y is universally locally acyclic relatively to F| x\z and that
h: X — § is universally locally acyclic relatively to F. We put

(3.2.4) Hs = RHomx x s x (praF, pryF), Ts = F ®§ Dy/s(F).
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The relative cohomological characteristic class C'x/g(F) is the composition (cf. [18, (3.49)])

(313

(3.2.5) A Rrom(F, F) 222 shae 1D 6T o 5T 5 Kys.

By the assumption on F, 676 7g is supported on Z by [18, §4.3]. The non-acyclicity class 6’)2( Ny s(F)
is the composition (cf. [18, Definition 4.2])

(3.2.6) A = 6§ Hs = 8,Ts = 61 Ts — 61i'Ts — 616%Ts = 17'610%Ts = 7' Kxvs-
If the following condition holds:

(327) HO(Z, ’Cz/y) = 0 and Hl(Z, ,Cz/y) = 0

then the map

(%2%)

(3.2.8) Hy(X,Kx/s) — HY(X,Kx/y/s)

is an isomorphism. In this case, the class C)Z(/Y/S(]:) € HY(X,Kx/ys) defines an element of

HY%(X,Kx/s), which is denoted by cZ Ny s(F). Now we summarize the functorial properties for the
non-acyclicity classes.

Proposition 3.3 ([18, Theorem 1.5, Proposition 1.6, Theorem 1.7 Theorem 1.8 and Proposi-
tion 4.7]). Let us denote the diagram (3.2.1) by A = A)Z(/Y/S and é)Z(/Y/S(f)f C)Z(/Y/S(]:) by Ca(F),
Ca(F), respectively. Let F € Deyg(X,A). Assume that Y — S is smooth of pure relative dimension
r, X\ Z =Y is universally locally acyclic relatively to Flx\z and that X — S is universally locally
acyclic relatively to F.

1 ibration formula Kzyv) = , Kz/v) =0, then we have
(1) (Fib fi la) If HY(Z,Kz/v) = HY(Z,K2y) h h
(3.3.1) Cx/s(F) = er(1*Qy)g) N Cxyy (F) + Ca(F) in H(X,Kx/s)-
(2) (Pullback) Let b : S" — S be a morphism of Noetherian schemes. Let A" = A)Z(I,/W/S, be the

base change of A = A)Z(/Y/S byb:S" — S. Let by : X' = X xg S" — X be the base change
of b by X — S. Then we have

(3.3.2) bxCa(F) = Car(b5xF) in HY (X', Kxi/yi/sr),

where b : HY(X, Kx/vis) = HY (X', Kx1/y1s) is the induced pullback morphism.
(3) (Proper pushforward) Consider a diagram A’ = AX'/Y/S Let s : X — X' be a proper
morphism over Y such that Z C s~1(Z'). Then we have

(3.3.3) 5.(Ca(F)) = Car(Rs.F) in HY(X',Kxi/ys),

where s, : HY(X, Kx/vis) = HY, (X', Kx1/y)s) is the induced pushforward morphism.

(4) (Cohomological Milnor formula) Assume S = Speck for a perfect field k of characteristic
p>0,Y is a smooth curve over k and A is a finite local ring such that the characteristic of
the residue field is invertible in k. If Z = {z}, then we have

(3.3.4) Ca(F) = —dimtot R®z(F, ) in A= H)(X,Kx),

where R®(F, f) is the complex of vanishing cycles and dimtot = dim + Sw is the total
dimension.
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(5) (Cohomological conductor formula) Assume S = Speck for a perfect field k of characteristic
p >0 and A is a finite local ring such that the characteristic of the residue field is invertible
in k. If Y is a smooth connected curve over k, f is proper and Z = f~1(y) for a closed
point y € |Y|, then we have

(3.3.5) FOA(F) = —ay(REF) in A= H)Y,Kyu),
where ay(G) = rankG|; — rankGy + SwyG is the Artin conductor of an object G € Dy (Y, A)
at y and n is the generic point of Y.
(6) (Specialization) Assume that S is a henselian trait with generic point n, and let s be a
geometric point above its closed point. Put Ay = A)Z(tt/y%/t and F; = Flx, fort e {n,s}. For

this item, the hypothesis on f may be weakened to universal local acyclicity of fi relatively
to F; outside Zy. Then we have

(3:3.6) sp%(Ca, (Fp)) = Ca,(F) i HY (Xo Kx, pr,ys),
where

(3.3.7) sp : HY (X, Kx, /v, m) — HY, (X6, Kx,/v.)s)
is the specialization map.

3.4. Let X be a smooth connected curve over k. Let F € D¢s(X,A) and Z C X be a finite set of
closed points such that the cohomology sheaves of F|x\ z are locally constant. By the cohomological
Milnor formula (3.3.4), we have the following (motivic) expression for the Artin conductor of F at
<A

(3.4.1) aq(F) = dimtot Rz(F,id) = —C{},  (Flv),

where U is any open subscheme of X such that U N Z = {z}. By (3.3.1), we get the following
cohomological Grothendieck-Ogg-Shafarevich formula (cf. [18, Corollary 6.4]):

(3.4.2) Cx/k(F) = rankF - c1(Qy)) = Y az(F) - [2] in HO(X,Kxp).
r€Z

3.5. Now we start to construct and prove a geometric counterpart of Proposition 3.3. Let k be a
perfect field of characteristic p > 0 and A be a finite local ring whose residue field is of characteristic
£ # p. Let Smy be the category of smooth schemes over k. Let S be a smooth connected scheme
of dimension s over k. Let f : X — S be a morphism in Smy. Let F € D¢(X, A) such that f is
SS(F)-transversal. Consider the following morphisms

(3.5.1) XS 71msxgx Lrx,

where 0 stands for the zero section. By assumption, df ~1(SS(F)) is contained in 0(X). We define
the relative characteristic class of F to be the following s-cycle class on X:

(3.5.2) cexys(F) = (=1)* - (df)(CC(F)) in CH,(X),

where (df )! is the refined Gysin pullback. When f is a smooth morphism, then we have a Cartesian
diagram

TS xg X — L e x
(3.5.3) l o i
X T*(X/5).

X/s
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In this case, we have ccy/s(F) = (—1)° - ()!X/S(CC’(}")) (cf. [17, Definition 2.11]). If f is a smooth
morphism of relative dimension r and if F is locally constant, then we have

(354)  cexys(F) = (—1) Oyyg((=1)T™ - rank F - [T X]) = rankF - ¢(Qy5) 0 [X].

We have the following conjecture, cf. [17, Conjecture 3.8]:

Conjecture 3.6. Let S be a smooth connected scheme of dimension s over k. Let f: X — S be a
morphism in Smy. Let F € Des(X, A) such that f is SS(F)-transversal. Then we have

(3.6.1) cl(cexs(F)) = Cxys(F) in HY(X,Kxs),
where cl : CHy(X) — H°(X,Ky/g) is the cycle class map.

When S = Speck, then it is Saito’s conjecture [13, Conjecture 6.8.1], which is proved under
quasi-projective assumption in [18, Theorem 1.2]. When f : X — S is a smooth morphism, then
(3.6.1) is true for a locally constant constructible (flat) sheaf 7 of A-modules. Indeed, this follows
from (3.5.4), [18, Lemma 3.1] and (3.3.1).

Remark 3.7. By [9, Chapter 17], CHy(X) = CH°(X — S) where the latter bivariant Chow group
can be regarded as a relative version of CHo(X). However, in general we cannot expect ccx/s(F)
to lift canonically to a relative cycle.

3.8. Consider a commutative diagram

70T X ! %
(3.8.1) \ /
h g
S

where X,Y,S belong to Smg and 7 : Z — X is a closed immersion. Assume that X,Y,S are of
pure dimension, that S is connected of dimension s, and that ¢ is smooth of relative dimension
r > 0. Put n = dimX. Let F € Dc(X,A) such that h is SS(F)-transversal and f|x\z is
SS(F|x\z)-transversal. Let

(3.8.2) q:P(T"Y xy X) — X.

be the projective bundle induced by T*Y xy X over X. The tautological subbundle and the
differential give

(3.8.3) O(~1) — ¢(T*Y xy X) L% g1 x.

Under Hom(O(—1),¢*T*X) = ¢*T*X ® O(1), this homomorphism defines a section of the vector
bundle ¢*T*X ® O(1):

(3.8.4) af (P(T*Y xy X) — ¢'T*X @ O(1).

At a geometric point (x, ), with A C T}“(I)Y a line, its value is the map df;|y : A = T¢ X. Thus df
is defined even when df,(\) = 0. It is a section of a vector bundle.

For a conical closed subscheme D C T*X, we define its twist. On an open V' C P(T*Y xy X)
with local basis e of O(1), transport D xx V by

(3.8.5) CT Xy S (¢"T* X 2 0(1)|ly, Er—E@e.

Changing e multiplies the vector coordinate by a unit. Since the ideal of D is homogeneous,
these closed subschemes agree on overlaps and define Dp1y C ¢*T*X ® O(1). Equivalently, if
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D = Specx (D,>0 Aa) with its graded coordinate algebra, then

(386) DO(l) = SpeCP(T*nyx) (@ q*Aa ® O<—a)) .

a>0
For CC(F) =Y, mq[C4], set

(3.8.7) CC(Foq) = Zma[(c Jo)]

Each (Ca)o(1) is integral of dimension n 47+ s —1. We apply the same twist separately to SS(F).
Notice that we have the following Cartesian diagram

P((df)"1SS(F)) ——— SS(Fon)

]

which can be checked on open subschemes. Moreover, the section df is a regular embedding of
codimension n, so

(3.8.9) &' CC(F)op) € CHyys 1 (P((df) T SS(F))).
The hypotheses imply
(3.8.10) (df)"1SS(F) c 0(X) U (T*Y xy Z), (df)"1SS(F)N(T*S xg X) C 0(X).

Consequently, on P((df)"1SS(F)), the tautological line bundle O(—1) is a subbundle of
g f*T*(Y/S), by the short exact sequence of bundles

(3.8.11) 0= T*S xg X = T*Y xy X = f*T*(Y/S) = 0.

The reduced closed subscheme of the support P ((df)~*SS(F)) maps properly to Z,q and hence to
Z. For this pushforward, denoted by ¢z, we use the canonical invariance of Chow groups under
reduction. The refined intersection retains its scheme structure and intersection multiplicities.

Definition 3.9. We define the geometric non-acyclicity class of F by

(3.9.1) %y s(F) = (~1)°azs |era (‘W) Ndf'CC(F)ow| € CH,(Z).

Here, the quotient bundle is taken on P((df)~1SS(F)).

Proposition 3.10. Consider the previous assumptions.
(1) If f is SS(F)-transversal on X, then cci/y/s(}") =0 for any Z;
(2) Let Z C Zy C X be closed subschemes, with inclusion i : Z — Zy. Then

(3.10.1) ixcc%py s (F) = ccZy o(F);
(3) Let
(3.10.2) FFoF i

be a distinguished triangle in Dewg(X, A) with F', F" satisfy the transversality condition in
the beginning of section 3.8. Then we have

(3103) CC)Z(/Y/S(.F) = CC)Z(/Y/S(.F/) + CC?{/Y/S(.F”).
Proof. The parts (1) and (2) are direct from definition. For (3), we use [13, Lemma 5.13]. O
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3.11. For a vector bundle V of rank d on X, put
(3.11.1) (V) =t + e (Mt .o 4 cg(V) € CH*(X)[t].

We regard t as a formal variable of codimension one. Recall that

(3.11.2) —t_dZsa
a>0
where 5(V) = ¢(V)~! is the total Segre class.
Let n = dim X, and write
(3.11.3) Ox: X —T°X, qx :P(T*X)— X

for the zero section and the projection. Put {x = c1(Op(7-x)(1)). Write
(3.11.4) CO(F) =0x.I + > _mq[Cy]

where I' is an n-cycle on X and no C, is contained in the zero section. Since each C, is conical,
P(C,) is a closed integral subscheme of P(7*X) of dimension n — 1. By the projective bundle
formula, there are classes

(3.11.5) Bj = qx*[cn_l_j<qXT* ) Zma Ca ] , 0<j<n-1
such that
n—1 )
(3.11.6) S maP(C)] = 3 € NakB in CH, 1 (B(T*X)),
a 7=0

Define bj S CHj (X) by

(3.11.7) th]—ctTX mF+Zﬁ] :
7=0

where

(3.11.8) )NT = Z ci(T*X) NIt

In particular, b, = I'. The classes b; are canomcally determined by CC(F). Indeed, by the
projective bundle relation

(3.11.9) & +a(TX)E + - 4 en(T*X) =0

we have

(3.11.10) Z Ngxb; = Zma Ca)l-

Put m =dimY =r+s. We deﬁne

(3.11.11) cex y(F) == (=" > sj—m(T*Y xy X)Nb; € CHy,(X).
jzm

Equivalently, ¢cx/y (F) is the constant coefficient of the Laurent expansion at ¢ = oo of

(3.11.12) (=)™ e (T*Y xy X)~ Zb it
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Proposition 3.12 (fibration formula). Consider the previous assumptions, then the restriction of
cex vy (F) to X\ Z is ce(x\z) v (Flx\z)- Moreover,

(3.12.1) cexs(F) = cT((f*Q%,/S)v) Neexy (F) + T*cc)Z(/Y/S(]-") in CHg(X).

In particular, if dim Z < r + s, the restriction

(3.12.2) CH,s(X) — CH,;5(X \ Z)

is an isomorphism, and ccx y (F) is the unique extension of ccx\zyv (Flx\z)- If Z = @, then
(3.12.3) coxss(F) = en((f* Q)" M e v (F),

Proof. Since h : X — S is SS(F)-transversal, the inverse image of SS(F) under

(3.12.4) dh:T*S x5 X — T*X

is contained in the zero section, hence every projectivized nonzero component of CC(F) is disjoint
from P(T*S xg X). Hence (3.11.10) restricts to

(3.12.5) > ¢nNg'h =0
j

on P(T*S x5 X). By the projective bundle formula, the polynomial 3 b;t’ is divisible by ¢;(T*S x g
X). Write

(3.12.6) > bt =c(T*S x5 X) > a;t?, a; € CHyy;(X).
j=0 j=0

The constant coefficient is the refined intersection with dh:

(3.12.7) ap = (dh)'CC(F),  ccx/s(F) = (—1)%aq.

Since g : Y — S is smooth of relative dimension 7, there is an exact sequence of vector bundles on
X

(3.12.8) 0 —T"Sxs X —TY xy X — f*T*(Y/S) — 0.
Hence
(3.12.9) ca(TY Xy X) = c(T*S x5 X)ee(f*T*(Y/S)).
It follows from (3.11.11) that
(3.12.10) ex y(F) = (-1 s, (f*T*(Y/S)) Naj.

jzr
The projection T*Y xy X — f*T*(Y/S) has kernel T*S x g X, and
(3.12.11) (df)~1SS(F) N (T*S xg X) C 0(X)
by the SS(F)-transversality of h, hence it is finite on (df)~1SS(F). Let
(3.12.12) qs  P(f*T*(Y/S)) — X

be the projective bundle projection, and put & = c1(Op(s+7+(v/5))(1)). The preceding finite projec-
tion induces a finite morphism
(3.12.13) p:P((df)"1SS(F)) — P(f*T*(Y/S))

which identifies the tautological line bundles; hence we may slightly abuse the tautological bundle
notation here. By the construction of the classes b; we have

(3.12.14) pe(dF CC(F)ow) = 3. € Nasay.
j=>0
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On P(f*T*(Y/S)) we have the canonical quotient bundle ¢ f*7T*(Y/S)/O(—1), projective bundle
formula gives
(3.12.15)

1, ] = 07
(a5)« [er—1 (a5£°T*(Y/S) = O(=1)) n &] = { 0, 0<j<r
—er (T (Y/S)) 5 (F*T*(Y/S)), j =

Applying (3.12.15) and the definition of cc)qu/S(]:), we obtain

(3.12.16) T*ccf(/y/s(}“) = (=1)% lao — e (f*T*(Y/S)) N> s (f*T*(Y/S)) N a;
jzr
By (3.12.10), the second term on the right is ¢, ((f*T*(Y/S))Y) N cex/y(F). Together with
ccx/s(F) = (—=1)%ag, this proves (3.12.1).
It remains to prove the restriction assertion. Put U = X'\ Z. On U, the morphism f|y : U — Y
is SS(F|y)-transversal. Restricting (3.11.7) to U, the zero-section excess formula gives

(3.12.17) Sl = c(TY xy U)Y djt!,  do = (df)'CC(F|v).
j 3>0

Consequently,

(3.12.18) cexy (F)lv = (—1)"do = ccy )y (Flu).

This proves the restriction statement.
Finally, if dim Z < r + s, then CH,14(Z) = 0. Hence we have an isomorphism

(3.12.19) CH,15(X) = CH,45(X \ 2),
by the localization sequence, and ¢cx/y (F) is the unique extension of cc(x\ zy/v (F|x\z). Equation
(3.12.3) is the special case Z = @. O

Remark 3.13. In fact, the construction of ecx/y (F ) can be regarded as a generalized definition
of the characteristic class, weakening the transversality condition.

Proposition 3.14. Let S = Speck, Y = A,lg with coordinate t, and let Z contain the characteristic
locus of f. Writingdf : X — X XpL T*A, — T*X for the section defined by f*dt, one has

(3.14.1) cc% st e(F) = (df)'CC(F) in CHy(Z).
Proof. The section defined by dt identifies P(T*AL x ar X ) with X, trivializes O(—1), and identifies
df with df. In (3.9.1), 7 = 1, s = 0 and the Chern class involved is co = 1. O

Theorem 3.15 (Saito’s isolated Milnor formula). Assume S = Speck and Y is a smooth curve.
Let Z be a finite set of closed points of X, and assume f is SS(F)-transversal outside Z. Then

(3.15.1) ccg(/y/k(]:) =— Z dimtot R®z(F, f) [x] in CHo(Z).
€L

Here total dimension is computed after derived reduction of A to its residue field, with alternating
signs for complezes.

Proof. Near f(z) choose an étale coordinate on Y, we may assume Y = Al. The consequence
follows from Saito’s Milnor formula [13, Theorem 5.9]. O

We expect the following Milnor type formula for non-isolated singular/characteristic points holds.
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Conjecture 3.16. Let S be a smooth connected k-scheme of dimension s. Consider the commuta-
tive diagram (3.8.1). Let F € Deys(X, A) such that X \ Z — 'Y is SS(F|x\z)-transversal and that
X — S is SS(F)-transversal. Then we have an equality

(3.16.1) C%pyys(F) = d(cckyis(F))  in HY(X,Kxjv/s),
where cl is the composition CHy(Z) LN HY(X,Kx/s) (23, HY(X,Kx/y/s)-

When S = Speck, Y = A} and Z = {z}, then Conjecture 3.16 follows from Saito’s isolated
Milnor formula (3.15.1) and the cohomological Milnor formula (3.3.4).

Remark 3.17. Let f : X — Y be a separated morphism between smooth schemes over k, X is
connected. Let Z C X be a closed subset and F € D.(X,A). Assume that f is universally locally
acyclic relatively to JF outside Z. Let n = dimX. We expect that there is a n-cycle C’C)Z( /Y(]: )
supported on T*X X x Z such that

(3.17.1) (05 CCF)y (F)) = CZpyp(F) in HY(X,Kx/ym)-

If Y is a smooth curve and Z is a finite set of closed points of X, then

(3.17.2) CC%y(F) = =Y dimtot ROz (F, f) - [T; X].
x€eZ

If f =1id and Z is the smallest closed subset of X such that F| x\z is smooth, then

(3.17.3) CC%y(F) = CC(F) —rankF - CC(A).
Proposition 3.18. Consider a Cartesian diagram in Smy

X =X
(3.18.1) f/J/ O lf

S’ — S.

We assume that f and f' are smooth morphisms, and S and S’ are connected of dimension s and
s' respectively. Let F € Des(X,A). Assume that X — S is SS(F)-transversal and i is properly
SS(F)-transversal. Then we have

(3.18.2) i'cex)s(F) = cexrysr(i*F) in CHy(X),
where i': CHy(X) — CHy (X') is the refined Gysin pullback.

Proof. We consider the following diagram

(3.18.3)
T*X' di T"X xx X' P T*X
TS x g X' J do TS xg X' J TS xg X
T*(X'/S") —= T*(X/S) xx X' T*(X/S)

A’ Al ) /X/s
: X

X' — X'
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Note that the square containing the morphisms di and dd is Cartesian. In the following calculations,
although di and dé are not proper, we can still apply di, and dd, since di is finite on the support
of pr=!(SS(F)) and d§ is finite on the zero section X’ of T*S x5 X’. We have

cexrysi(i*F) = (=1)¥ - 015, CC(i* F)

—

a

S (_1)5/ ) OEX,/S/(di*pT!CC(]:) . (_1)—dim(X’)+dim(X))
(3.18.4) = d5*0!X//S/pr!C'C(]:) (= 1)¥ ~dim(X)+dim(X)

20y, 5pr' CC(F) - (—1)° = Ol spr'CC(F) - (-1)°

=i (0x/sCC(F) - (—1)*) = i'cexys(F).

where (a) follows from [13, Theorem 7.6] and (b) follows from the fact that 0'y, /S,pr!CC(F) is
supported on the zero section of T%S x g X'. O

=

3.19. Consider a commutative diagram in Smy:

X ! Y.
(3.19.1) RS%

Let F € De(X,A) such that h is SS(F)-transversal. Assume f is proper on supp(F). By [13,
Lemma 3.8], g is foSS(F)-transversal. By [4, Lemma 2.2(ii)], SS(Rf«F) C foSS(F). Thus g :
Y — S is also SS(Rf.F)-transversal and the class ccy g(Rf«F) is well-defined.

Proposition 3.20. Consider the assumptions in section 3.19. Assume moreover that Y is projec-
tive, f: X =Y is quasi-projective and dim foSS(F) < dimY. Then we have

(3.20.1) freex s(F) = ceyyg(RfF) in CHg(Y).

Proof. Consider the following commutative diagram

X Y
L

(3.20.2) T*5 x5 X "L g xgy

2 J«
idx f

™Y

Then we have
fecexss(F) 2D (21)0 - fdR(CO(F)) = (<1)° - (d x f).r'df (CC(F))
(3.20.3) = (—=1)* - dg'(id x f).df (CC(F))

a 3.5.2
W —1)sdgloorf.F) Y27 cey s (REF).

where (a) follows from [14, Theorem 2.2.5]. O

Lemma 3.21. Consider the assumptions in section 3.8. On an open neighbourhood of supp(F),
the morphism h : X — S is smooth. Let

(3.21.1) mxss: T*X — T(X/S),  qs:P(f*T*(Y/S)) — X
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be the natural projections on this neighbourhood. The restriction of mx ;g to SS(F) is finite. The
relative differential O(—1) — q¢T*(X/S) defines a section

(3.21.2) disf :P(ffT*(Y/S)) — q¢sT*(X/S) @ O(1),

and we have

(3.21.3) % yy)s(F) = (=1)*(gs)- {Cr—l(W> HW!((Wx/s)*CC(f))O(l) :

Here (7TX/S>* is taken on the characteristic-cycle support, and (qs)« is taken on the reduced inter-
section support over Z.

Proof. The morphism h is smooth on an open neighbourhood of supp(F) by [13, Lemmas 3.6(6)
and 4.2(3)], and we have

(3.21.4) 0 — T*S xg X 2 77 x =5 1%(X/8) — 0.
on the open neighbourhood. Moreover,
(3.21.5) SS(F) Nker(mys) C 0(X),

80 Tx/s|ss(F) is finite by [4, proof of Lemma 1.2(ii)].
The following square is Cartesian, since its vertical kernels are identified by dh:

T*Y xy X — & X

(3.21.6) l JwX/s

FTH(Y[8) —— TH(X/S).

The tautological line bundle therefore gives
(3.21.7) O(-1) — ¢ T*(Y/S) — ¢sT*(X/S),

hence we have a section d,gf as in the statement. Since 7y, g is finite on SS(F), Gysin pullback
commutes with proper pushforward [9, Theorem 6.2], hence we have

(3.21.8) pedf* CO(F) = (ds]) (mx/s)+CC(F).
By transversality,
(3.21.9) (df)"1SS(F) N (T*S x5 X) C 0(X),
hence T*Y xy X — f*T*(Y/S) induces a finite map
(3.21.10) P P((df) I SS(F)) — P((d)s.f) ™ (mx/s55(F))),
and p*O(—1) = O(—1). By the compatibility with proper pushforward of Gysin pullback we have
—1 _

(3.21.11) pe(df CC(Flo)) = dysf ((mx/5)+CC(F)) o1y
hence

- qf‘qf*T*(Y/S)> _ ¢ fT(Y/S)
(3.21.12) p ( oct ) = o

and the projection formula and (3.9.1) therefore implies

(3.21.13) %y s(F) = (—1)S(qs)*[cr1 (W) QW!((WX/S)*CC’(]:))O(I) :

which is (3.21.3). O
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Proposition 3.22. Consider a commutative diagram in Smy,

X X X

sl

(3.22.1) vy —> v

g’i Jg
S’ —— 5,
whose squares are Cartesian. Put Z' = Z x x X', and write s/ = dim S’. Assume that X', Y',S" are

smooth and pure-dimensional, that S’ is connected, that dim X' — dim X = s’ — s, and that ix is
properly SS(F)-transversal. Then

(3.22.2) i!ch)Z(/ws(]:) = cc)Z(/,/Y,/S/ (i%F) in CHy(Z").
Proof. Using the Cartesian diagram (3.22.1), proper SS(F)-transversality gives
(3.22.3) SS(i%F) C dix(pr *SS(F)), pr:T*X xx X' — T*X.
Hence

(3.224)  SS(%F)N(T*S xg X') CO(X'),  (df')"'SS(i%F) C 0(X") U(T*Y' xy: Z").

Thus g’ o f" is SS(i% F)-transversal and f’|xn 7z is SS((i%F)|x: z)-transversal. Pullback formula
of characteristic cycles [13, Theorem 7.6] gives

(3.22.5) CO(% F) = (—1)ImX'=dimX g5 ) pr'CC(F),

then by base change we have

(3.22.6) (mxry5)<CO(I%F) = (=) XA Xl (mx)9)«CO(F),
where

(3.22.7) ixs: TH(X'/8") = T*(X/S) xx X' — T*(X/S)

is the natural projection. Let ip : P(f*T*(Y’/S’)) — P(f*T*(Y/S)) be the induced morphism,
then

P(f*T*(Y'/S")) —=— P(f*T*(Y/S))
(3.22.8) qs/l Jqs
X'’ - X

X

is Cartesian, and i;O(—1) = O(—1), ipgs f*T*(Y/S) = q& f*T*(Y'/S"). Thus

G (G TY/S)N g fMT(Y/S)
(3.22.9) zp( S oD )_ S oD .

The relative differentials commute with base change, giving the following Cartesian diagram:

P(f*T*(Y'/S") —— = P(f*T*(Y/S))
(3.22.10) d/SfJ [d/sf

¢eT(X'/5") © O(1) ——— ¢5T"(X/S) ® O(1).
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Here the lower horizontal arrow is the natural projection under the identification ¢&T*(X'/S") ®
O(1) ~ix(¢sT*(X/S) ® O(1)). Together with (3.22.6), we have
! —

(822.11)  djg f ((mxr/s)sCOGRTF)) oy = (=1 X =Xk [T 0 ((mx/5).CC(F)) oy -

Applying (3.21.3) and i (gs)« = (¢s)«ip we have

(3.22.12) sy g (ixF) = (—1)FTamX=dmX=s 4l ccZ o o(F).

Since dim X’ — dim X = s’ — s, we have (3.22.2). O
In particular, if ix is flat of pure relative dimension s’ — s, then

(3.22.13) prtSS(F) Nker(dix) C 0(X'),

so ix is SS(F)-transversal, moreover, for every irreducible component C' C SS(F),

(3.22.14) dim(C xx X') =dimC + s —s=dim X + s — s = dim X',

hence iy is properly SS(F)-transversal and the pullback formula applies.

Proposition 3.23. Let p : X — X' be a proper morphism in Smy, with X' of pure dimension,
and let f' : X' — Y satisfy f = f op. Let Z' C X' be closed, with Z C p~Y(Z'). Assume
that dim poSS(F) < dim X', then g o f' is SS(Rp.JF)-transversal, and f' is SS(Rp.JF)-transversal
outside Z'. Moreover,

(3.23.1) p*cc)Z(/WS(]:) = cc)Z(///y/S(Rp*]:) in CH4(Z'").

Proof. Proper pushforward of singular support gives SS(Rp.F) C poSS(F) [4, Lemma 2.2(ii)]. A
covector in p,SS(F) lifts to a covector whose pullback by dp belongs to SS(F). The hypotheses on

h and f therefore give
3939 (df")"'peSS(F) C 0(X) U(T™Y xy Z'),
(3.23.2) (df) " 'poSS(F) N (TS x5 X') C 0(X).

Here 0(X') is the zero section of T*Y xy X’. This proves both transversality assertions, and also
gives a common projective support on which the quotient bundle is defined.
Abe’s proper-pushforward theorem [2, Introduction, Theorem; §6.6] gives

(3.23.3) CC(Rp,F) = pCC(F) = pry,(dp) CC(F) € CHaim x(poSS(F)) [Ch;r k]

where char k > 0. Let ¢’ be the projective projection over X', and let

(3.23.4) pp: P(T'Y xy X) — P(T*Y xy X')

be the base change of p. We have natural maps

dp@1:¢* (T*X' xx X) @ O(1) — ¢*T*X @ O(1),
p: ¢ (T*X ' xx X) @ O0(1) — ¢"T* X' @ O(1).

The second map is proper. Let

(3.23.6) Dc¢*"T*X @ O(1)

be the O(1)-twist of the pullback of p,SS(F), then dim D < dim X’ +dim Y —1. On an open subset
trivializing O(—1) we have

(3.23.5)

. 1
(3.23.7) pu(dp ® 1)'CC(F)on) = CC(RpF)oay it CHaim x/+dimy—1(D) Lhark} -
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Since CHgim x/4+-dimy—1(D) = Zgim X’+dim vy —1 (D) and inverting char & is injective on the free abelian
group Zgim x'+dimy —1(D), the local equalities (3.23.7) are equalities of cycles and hence glue glﬁobally
into an equality in Zgim x/+dimy—1(D). Let pp be the base change of p. The pullback of df’ is a
section

(3.23.8) piedf : P(T*Y xy X) — ¢*(T* X' xx» X) ® O(1),
and
(3.23.9) (dp@1) oppdf’ =df,  poppdf’ = df o pp.

Therefore, by compatibility of refined Gysin pullback with proper pushforward [9, Theorem 6.2],
=7 * J707\! !
(pe)+df CC(F)oqy = (ve)«(wedf’) (dp ® 1)'CC(F)oq)
(3.23.10) =" pu(dp® 1)'CC(F)oq)
=
= df" CC(Rp«F)o(1)-
Combining with

x q’*f’*T*(Y/S)> q [T (Y/S)
3.23.11 _
we have
7 s q/*f/*T* (Y/S) )
psCC F) = (—-1)q, {cr ( Ndf" CC(RpsF
(3.23.12) X/vys(F) = (1) 1 o) ( Jo)
= CC)Z(//}VS(R]?*JT),
which proves the assertion. O

Corollary 3.24 (Conductor formula). Let S = Spec(k), let Y be a smooth connected curve, and
let f: X —Y be proper. Let T C Y be a finite set of closed points, and put Z = f~Y(T). Assume
that f is SS(F)-transversal outside Z. Then

(3.24.1) feeekyyp(F) = = D ay(REF)y] in CHo(T),
yeT

where ay, is the Artin conductor, computed after derived reduction of the coefficient ring to its residue
field.

Proof. Combining Theorem 3.15 and Proposition 3.23 we get the desired result. 0

4. NON-ISOLATED MILNOR FORMULA IN QUASI-AFFINE CASE

4.1. Let k be an algebraically closed field of characteristic p > 0, A be a finite local ring such that
the characteristic of the residue field is invertible in k. Let X be a smooth separated scheme of
finite type over k purely of dimension d, let f : X — A,{; be a morphism and let F € D¢ (X, A).
Let ¢ be the standard coordinate on Aj. The form dt defines

(4.1.1) df : X — X %y TAp — T*X

which gives a section of T*X. Put Z = Zx; == (df)"1SS(F), [13, Lemma 4.2(5)] implies f is
universally locally acyclic relatively to F in X \ Z.

Theorem 4.2. Consider the previous assumptions. Assume that X is quasi-affine. Then we have

(4.2.1) C{aa pF) =l (ar'cem)).
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By Proposition 3.14, cc)Z(/Al/k (F) = df'CC(F) in CHo(Z). Hence Theorem 4.2 verifies Conjecture
k

3.16 in the quasi-affine case, with Y = A,lc, S = Speck.
We devote the rest of this section to the proof of the theorem.

4.3.  We first recall Fulton’s construction of specialization over a discrete valuation ring [9, Chap-
ter 20]. Let R be a discrete valuation ring, let S = Spec R with j: 9 < S, 7:s < S be its generic
point and closed point, respectively. Let u be a uniformizer of R.

Define the dimension function by setting ds(s) =0, dg(n) =1 and

(4.3.1) or(z) = ds(p(x)) + trdeg, p(z)) K(z)

for a morphism p : T" — § locally of finite type with « € T. For an integral closed subscheme
V C T, its S-dimension is defined to be d7(&y) where &y is the generic point of V. Let Z,,,(T/S)
be the free abelian group on integral closed subschemes of S-dimension m, we may define rational
equivalence in the usual way: it is generated by divy (h) for rational functions h on integral closed
V of S-dimension m + 1. Put CH,,,(T/S) = Zn(T/S)/ ~rat- Let jr: T,y = T, i : Ts — T be the
base changes of j and i, respectively. Then, with a slight abuse of notation, we have

(4.3.2) 34t CHpy1 (T)S) — CHW(Ty,), i : CHypyy (T/S) — CH,y,(To).

The second map is the refined Gysin map obtained by the regular immersion i. Moreover, we have
the localization exact sequence

(4.3.3) CH, 11 (Ty) %5 CH,.1(T/S) s CH,(T;)) — 0.
For any a € CH,(T},), choose a lift & € CH,1(7'/S) by (4.3.3) and define
(4.3.4) sp¥(a) = ip(a) € CH,(Ty).

One may check sp™°(«) is independent of the lift. Indeed, two lifts differ by some i7,.£, and the
refined self-intersection formula gives

(4.3.5) ipir.& = 1 (piNys) NE =0,
because N,/g >~ O;. In particular,
(4.3.6) spV(j17) = iy

for v € CH,11(T/S). For integral subscheme V' C T such that V,, # @ (in this case we call V
horizontal), sp™¥°([V;]) is the divisor divy (u), with the usual length multiplicities along the special
fiber.

4.4. Let B be a smooth scheme separated of finite type over S. Let £ — B be a vector bundle of
rank r, let 0 : B — E be a section, let C be a closed subscheme of E, and put Z = B xg C. Since
o is a regular immersion of codimension r, there is a supported refined Gysin map

(4.4.1) o' : CHypny1(C/S) — CHy_ry1(Z2/89).

Lemma 4.5. Consider the assumptions in §/.4. Let v € CH,,41(C/S). Define
(4.5.1) Vo = &7 € CHp(Cy), s =gy € CHp(Cy).

Then we have

(4.5.2) jz(0'y) = oy in CHpn(Zy),

(4.5.3) spe (07!7%7) =0'vs in CHpy r(Zs).
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Proof. Refined Gysin pullback exchanges with flat base change n — S, hence we have
(4.5.4) jyoo =0, 048,
which proves (4.5.2).

For the special fiber, we have

4.5.2
(4.5.5) spcyc(a,;’yn) (22

4.3.6 9, §6.4 .
spre(jyaty) LY ity P G

Corollary 4.6. Consider the assumptions in Lemma 4.5. Suppose
(4.6.1) a=> nalCal
a

s a cycle supported on C, with components C, C E flat over S of pure relative dimension m, and
put g=m —r > 0. Fort € {n,s} define

(4.6.2) ari= > nal(Ca)il,

a (Ca)t;ﬁg
with the usual scheme-theoretic multiplicities at its generic points. Then
(4.6.3) Spcyc(aéan) = o, in CHy(Zy).

Proof. Since each C, is flat over S with pure m-dimension fibers, we have a natural lift a =
> aNalCa) in CHypy1(C/S). Flat pullback gives j&a = o), while Gysin pullback along s — S gives
i!C& = a. The consequence follows from Lemma 4.5. O

4.7. In sections 4.7-4.12, let S = Spec R be a strictly henselian trait with generic point n and
closed point s, and let u € R be a uniformizer. Let f : X — S be a smooth separated morphism of
finite type and pure relative dimension d. Let k : Z — X be a closed subscheme. Let jx : X;; — X,
ix : Xs — X be the generic and special fiber, respectively, and bx : X7 — X, be the base change
to the algebraic closure 77 . We use the convention of nearby cycle functor in [18, §3.4]:

(4.7.1) RU; =i%Rjx,bx.bx™ : DT(X,,A) = DT (X, A).
For 0 <r <d,c=d—randt e {n,s}, we have the refined cycle class map
(4.7.2) cly : CHp(Zy) — HE (Xe, M) ~ H;” (X4, Kx, ji(—1))

by Riou [12, Exposé X VI, Definition 2.3.1, Proposition 2.3.7, Definition 2.4.1].
Using the method of [18, §3.5], we have a natural specialization map on étale cohomology groups

(4.7.3) sp s H 2 (X, Ko, n(=1)) — Hz ¥ (X, Kx,pa(=7))-
Theorem 4.8. For every 0 <r <d and c =d —r, the square
cl

CH,(Z,) —s HE (X, A(c))
(4.8.1) Spcycl lspét

CH,(Z) —%— HZ (X, Alc))
commutes.

We postpone the proof of Theorem 4.8 to §4.11.

Lemma 4.9. Let W C Z be closed and v € Hi?(X,Kx/s(a)), we have

(4.9.1) spt (%) =%y in H2QS(X8,]CXS/S(CL)).
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Proof. Let £ : W — X be the closed immersion. By definition, v is equivalent to a morphism
v LAw — Kx/g(a)[2a] and we have

(4.9.2) Co Ny, ~ ix Ay — RVl Aw ~ R\I’f(fn*AWn),
(4.9.3) ixKx/s(a)2a] — RV ;(jxKx/s)(a)[2a] =~ RY;(Kx, /n)(a)[2a].
by proper base change. Moreover, we have the following commutative square
tohw, 2 RO (4 Aw,)
(4.9.4) i}vl lR\pf(j;ﬂ)
(4.9.3)

ixKx/s(a)[2a] —— RY;(Kx, /y)(a)2a]
by the naturality of the nearby cycle functor. By [18, (3.67)], we have a natural map
(4.9.5) O : R\IJf(ICXn/n) — ’CXS/S‘
Combining the definition of specialization in [18, (3.68), (3.69)] with (4.9.4), we have
(496)  sp(iky) = 07(a)[2a] 0 R (k) o (19.2) = 0;(a)[2a] o (1.9.3) o 7% 7.
Since f is smooth, local acyclicity and purity imply 6¢(a)[2a] o (4.9.3) is precisely the isomorphism
(4.9.7) ixKxys(a)2a] = Kx,/5(a)(2al,

hence the right hand side of (4.9.6) is exactly i%.
O

4.10. We use the following result of SGA 4% [7]. Assume X’ is smooth over S of pure relative
dimension N , a closed subscheme Z' C X’ has fiber codimension at least ¢ and K is a bounded
coherent perfect Ox/-complex supported on Z’ and of finite Tor-dimension over S. Then [7, Cycle,
2.3.3] constructs a general cycle class

(4.10.1) cds(Z',K) € HE (X', Alc)).

Its formation commutes with arbitrary base change, and when S is a field, it agrees with the usual
supported cycle class and factors through the Chow group. See [7, Cycle, Lemme 2.3.7, 2.2.10].

4.11. We now prove Theorem 4.8.

Proof of Theorem /.8. Both paths in (4.8.1) are homomorphisms on Chow groups, so it is enough
to treat a prime cycle [IW,)] supported on Z.

Let W C Z be the scheme-theoretic closure of W, which is integral. Multiplication by u is
injective in every affine coordinate ring of W, so W is torsion-free over Spec R, hence flat over S by
[15, Tag 0539]. If the special fiber Wy is nonempty, flatness implies dim Wy = r. Set ¢ = d — r, the
codimension. We have

(4.11.1) spT Wyl = Y me[{€}],  me = lengthe,, (Owe/u)
£€(Ws)(0)

by the previous description of sp®°([V]) of a horizontal integral subscheme V. If Wy is empty, the
right side of (4.11.1) is zero. In the following we assume W, # @&.

The scheme X is regular and Noetherian because S is a regular trait and f is smooth of finite
type; see [15, Tags OH7S and OFDC]. Hence the coherent module Oy is perfect as an Ox-complex
by [15, Tag OFDC]. Moreover, flatness of W over S implies Oyy is finite Tor-dimension over S. Thus
by [7, Cycle, 2.3.3] we may form

(4.11.2) cls(W,0w) € Hif (X, A(c)) ~ Hy”" (X, Kx/s(—1)).
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On the generic fiber, the length of Oy, is one. On the special fiber, flatness gives LixOw =
Ow,, whose generic length at £ is the integer mg¢ in (4.11.1). Therefore by (4.11.1) and [7, Cycle,
Lemme 2.3.7, Théoréme 2.3.8(i)], we have

(4.11.3) Jxcls(W, Ow) = cl, [W,],
(4.11.4) ixcls(W,Ow) = ngds [{€}] = cls (sp™e[Wy,)).
¢

Applying Lemma 4.9, we have
(4.11.5) sp cly[Wy] = sp* (els (W, Ow)) = dccls (W, Ow) = cly (sp™[IW;))-

This proves the commutativity of (4.8.1) on prime cycles. Fulton [9, §20.3] proves that sp®* respects
rational equivalence, and the supported cycle class map factors through Chow groups by [7, Cycle,
§2.2]. The equality therefore descends to CH,(Z,). O

Corollary 4.12. In the notation of Lemma 4.5, suppose in addition that S is a strictly henselian
trait and B — S is smooth of pure relative dimension d. Put 0 < ¢ = m —r < d, then in

H,* (B, Kp, /s(—q)) = Hy" (B, A(d — q)) we have

(4.12.1) spt cln(a,!?’yn) = cls(aifys).

More generally, let

(4.12.2) a € Zmi1(C/S)

be any cycle, denote its class in CHy,,41(C/S) by v, and set

(4.12.3) oy = jiy € CHy(Cy), s = igy € CH,p(Cy).

Then (4.12.1) has the form

(4.12.4) sp®cl,, (ai]ozn> = cl; (aias) .

Proof. Apply Theorem 4.8 to Uiﬂ,, we have

(4.12.5) spt cln(a,!?’yn) = cls (spcyc(a%'ynn .

Now use (4.5.3) we get the desired conclusion. O

Proposition 4.13. For a separated scheme X of finite type over k, the following conditions are
equivalent:

(1) there is a finite-dimensional subspace V. C I'(X,Ox) such that
(4.13.1) VeRrO0x — Qky,  v@g— g-d,

18 surjective.
(2) X is quasi-affine.

Proof. First assume condition (2). By [15, Tag 04II], there is a closed immersion ¢ : X — U,
where U is an open subscheme of A}. Therefore, the natural homomorphism Z*Q%] e Qﬁ( Ik is a
surjection. The consequence follows from

(4.13.2) Qg ~ P Oxda;.
j=1

Now we show that (1) implies (2). Let V be the subspace of I'(X, Ox) satisfying the condition,
and fix a basis ¢g1,...,gn. Put

(4.13.3) 9="(g1,---,9n) : X — A}
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In the cotangent sequence

1 1 1
the first arrow is dx; — dg;, where x1,--- , x are the coordinates of A,]CV . The surjectivity condition

hence implies Q; AN = 0 and ¢ is unramified. An unramified morphism is locally quasi-finite;
k
because g is also quasi-compact, it is quasi-finite. See [15, Tags 02V5 and 01TJ].
The diagonal map X — X X AN X is a base change of the diagonal X — X X X; hence g is
separated. We may apply Zariski’s main theorem to get the factorization

(4.13.5) X5xX 5 A,

where j is an open immersion and g is finite. Hence X is affine, and its open subscheme X is
quasi-affine.
O

4.14. In the following we use the notations of Theorem 4.2. Let V be a subspace of I'(X, Ox)
obtained by Proposition 4.13, with N = dim V', V := Spec(Symj V') ~ AkN. Define

(4.14.1) a: X %, V—T"X, (z,9) — dfy + dgz.

Lemma 4.15. There is a dense open subset V° C V such that (df + dg)~*(SS(F)) is finite for
every g € V°(k). One may choose g € V(k) such that the generic point of the line k - g belongs to
ve.

Proof. The map a lies over the identity of X, and its vertical differential is calculated by the
surjective evaluation V. — T X, g — dg,. Hence a is smooth of relative dimension N — d. Since
each component of SS(F) has dimension d, every component of

(4.15.1) Q=a"YSS(F)CcXxV
has dimension N. Let ¢ : Q — V be the projection, let Q1,--- ,Q,, be the irreducible components
of Q). Put
(4.15.2) p= | «@cv,
q(Qi)CV

Up := V\ D is the complement. Then for any v € Up, and Q; with ¢(Q;) € V, we have (Q;), = 2.
For Q; such that @; dominates V, i.e. ¢(Q;) =V, we have

(4.15.3) dim(Qj), =dimQ; —dimV =0

where 7) is the generic point of V. By a generic fiber dimension result [15, Tag 05F7], dim(Q;), = 0
for all u in an open subscheme U; of V. Therefore,

(4.15.4) VO = ( N U;j)NUp

Q; dominates V

has the required property.
Choose v € V°(k). The line k - v is not contained in V \ V°, because it contains v; hence its
generic point belongs to V°. Now g = v verifies the demand of the lemma. O
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4.16. Choose g as in Lemma 4.15. Let R be the strict henselization of k[u],), set S = Spec R,

write K = Frac(R), and put nPf = Spec KP*f. The natural inclusion k¥ — R gives S — Speck.
Let n = Spec K, s = Spec k be the generic and special point of S, respectively. Define

(4.16.1) X=Xx;S,  Y=AL  F=p%F,
(4.16.2) X =), d(x,u) = f(x) + ug(x),
where pry : X — X is the projection. The differential d¢ gives a section
(4.16.3) oc=dp=df +udg: X — T*(X/S)=T"X x;, S.
Put W = 071 (SS(F) x S), then by Lemma 4.15,

(4.16.4) Ws =27 = Zx y, W, is finite over K,

and hence Wnperf is finite over KPerf,
For t € {n, s}, ¢ is (SS(F) x, S)i-transversal outside Wy. For t = s, [13, Lemma 4.2(5)] implies
that ¢, is universally locally acyclic relatively to Fs outside Ws. The projection

(4.16.5) prg: X=X x;5— S8
is universally locally acyclic relatively to F , and
(4.16.6) RV, (F) ~ Fy =~ F.

4.17. Retain the notation of §4.16. Initially, the generic fiber is over K which is not perfect in
general; however, the construction of characteristic cycle in [13] needs the base field to be perfect.
In the following, we build a descent result to pass to the perfect closure of K.

Lemma 4.18. Assume that k is algebraically closed. Let X be a smooth and purely d-dimensional
scheme over k, let F € De(X, A), and let KP* be the perfect closure of K. Then we have

(4181) Ss(ﬁnperf) = SS(]:) Xk nperf’ CC(j':,r]perf) = CC(I) Xk nperf’

where the second term is the flat pullback of cycle.

Proof. Under the canonical identification

(4.18.2) T*(anerf/errf) ~ T*(X/k) xj nPet,

the complex fnperf is the scalar extension of F. Hence by [4, Theorem 1.4(iii)] we have
(4.18.3) SS(Fypert) = SS(F) xp P

Put

(4.18.4) C=857F)=JCa,  CCF)=> ma[Cdl,

where the C, are all the irreducible components of C, allowing m, = 0, and set
(4.18.5) Cpert = C x5 1P, B = CCO(F) xj ™.

Every irreducible component of Cpe¢ has dimension d, and B is supported on Clerf. It suffices to
verify the Milnor formula for B.
Let

(4186) ] U — anerf, f U —Y

be a test pair with an isolated characteristic point, i.e., j is étale, Y is a smooth curve over KPeT
and ug € U is a closed point, with a geometric point u above it, which is at most an isolated
J*Cpert-characteristic point of f.
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If f is j*Cpert-transversal at ug, then we may shrink U around wug. The local intersection number
is zero and [13, Lemma 4.2(5)] gives

(4.18.7) R (j* Fypert, f) = 0.

Thus the Milnor formula holds in this case.
Assume henceforth that ug is isolated characteristic point. In this case, we may assume Y =

A ¢ by shrinking around ug and passing to an étale cover. Write

}(per
(4.18.8) df : U — T*(U/KP°Y)

for the section defined by the relative differential of f. Since j is étale, we may regard j*Cperf as a
closed conical subset of T*(U/KP*?), endowed with its reduced scheme structure. After shrinking
U once more, assume that the scheme-theoretic characteristic locus

(4.18.9) Zpert 1= U Xgf, peuverty J" Cpert

is finite over KPerf,

The field K is algebraic over k(u), since it is the fraction field of the strict henselization of k[u],),
and KP®f/K is purely inseparable. Hence KPf/k(u) is algebraic. Since all data in the test pair
are of finite presentation, they descend to a finitely generated integral k[u]-subalgebra Ay C K perf
The extension Frac(Ap)/k(u) is finite. Since k is perfect, we may find a localization of Ay, denoted
by A, such that A ¢ KP°? is a finitely generated smooth integral k-algebra containing k[u] and
carrying the descended data. Put M = Spec A, Fy = Frac(A). Thus A is of finite type over k, and
Kt /Fy is algebraic. After enlarging the model if necessary, we obtain an étale morphism and an
M-morphism

(4.18.10) ja:Us — X xp M,  fa:Us— Al
whose base change to P! is the given test. Put
(4.18.11) h=pryoja:Us— X, m=pryoja:Us— M, Fa=jiprxF,
and, using the cotangent-bundle isomorphism induced by j4, put
(4.18.12) Ca=Usxx CCT*(Us/M),
(4.18.13) Ba = j4(CCO(F) x, M) =Y ma[Ua xx Cal.
o

Let dfa : Uy — T*(Ua/M) be the section defined by the relative differential of f4, and define
(41814) ZA :UA deA,T*(UA/M) CA.
We have (Za),pert = Zpert-

The generic fiber (Z4)p, is finite, since it becomes the finite scheme Z¢¢ after the faithfully flat
extension Fy C KP®. The open quasi-finite locus of Z4 — M therefore contains the generic fiber.
Its complement has only finitely many irreducible components, none of which dominates M. After
removing the closures of their images from M, we may assume that Z4 — M is quasi-finite.

Since ja4 = (h, m) is étale, the morphism h is smooth. Hence h is C-transversal and SS(F4) = h°C

by [13, Lemma 3.4(1) and Corollary 4.5(2)]. Under the cotangent decomposition induced by ja4,
this equality becomes

(4.18.15) T*(Ua/k) 2 T*(Us/M) ® 7*T*(M/E), h°C =Cs®0.
For the M-morphism f4, the composition of its cotangent map

(4.18.16) dfa: T*(Ajy/k) X g1 Ua = T*(Ua/k)
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with the projection T*(Uy/k) — T*(Ua/M) sends (adt,3) to adfa, while covectors pulled back
from M map identically to the second summand 7*T*(M/k). Consequently, by the definition
of transversality and the conicality of C'4, the non-C-transversal locus of (h, f4) is precisely the
underlying set of (df4)~'(Ca) = Z4. Thus (h, f4) is C-transversal on U \ Z4. Since the cotangent
map of 7 has image in the second summand 7*7™* (M /k), which meets C4&0 only in the zero-section,
the pair (h, ) is C-transversal everywhere.

For a geometric point z of Z4, with image s in M, define

I(z) = (BA,g, de,g)T*(U,q,g/g)vg7

(4.18.17) )
¢(Z) = —dimtot R(I)E(IA7§, fA7g).

For every a, set
L
(4.18.18) Aa,A = OUAXXCa & Ors (v 4 /3y dfa OUA,

where the last module structure is defined by the section df4. Since M is smooth over k& and Ug4
is smooth over M, the scheme T*(U/M) is regular. Hence Oy, c, is perfect on it, and A, 4 is
perfect on Uy. Since U4 — M is smooth, A, 4 has finite Tor-dimension over M. Moreover,

(4.18.19) U xx Co = Ua xxx,M (Ca g M)

is étale over C,, X M, and therefore is flat over M; the scheme Uy, is also flat over M. By derived
base change we have

(4.18.20) (Aa,A)g = Li;Aa,A = OUA,EXXCa ®LOT*<UA5/§)7de,§ OUA,E

where 5§ — M is any geometric point. Thus (A,, A)§ is the derived local intersection of Ug s X x Cq
and dfas(Uas) in T%(Uas/5). Its local Euler characteristic is the corresponding isolated intersection
multiplicity in the definition of the function I. The cohomology of A, 4 is supported on

(4.18.21) (Ua xx Ca) Ndfa(Ua) C Za,

hence on a closed subscheme quasi-finite over M. Therefore [13, Lemma 2.3 and the proof of
Proposition 5.8], followed by summing with the coefficients m,, shows that I is constructible and
flat over M in the sense of [13, Definition 2.1].

The transversality of (h,n) and of (h, fa) outside Z4, together with [13, Lemma 4.2(5)], shows
that 7 is universally locally acyclic relatively to F4 and that f4 is universally locally acyclic relatively
to Fa on Ug \ Za. By [13, Proposition 2.16] we have ¢ is also constructible and flat over M since
Al, — M is a smooth relative curve and Z4 — M is quasi-finite.

Let t be a closed point of M. Since A is of finite type over the algebraically closed field k, one
has k(t) =k, and hy : Usy —> X is étale. By [13, Lemma 5.11(2)], we have

(4.18.22) Bat = hiCC(F) =CC(hiF) = CC(Fapr).
The fiber Z4; is finite. Saito’s Milnor formula [13, Theorem 5.9] therefore gives
(4.18.23) 1(z) = ¢(2)

for every geometric point z above every closed point ¢ € M.

Notice that I — ¢ is also a constructible function. On every irreducible component Z’ of Z4,
constructibility gives a dense open subset V on which I — ¢ equals its value at the geometric generic
point of Z’. Since Z’ is of finite type over the algebraically closed field k, it is Jacobson, and V
contains a closed k-point z; its image in M, z), is also closed. Hence regard z as a geometric point
of Z 4 lying above zj, by (4.18.23) we have I(Z) = ¢(Z). Thus I — ¢ vanishes at the generic point of
every irreducible component of Z4. Saito [13, Lemma 2.2(3)] now gives I — ¢ = 0 on all geometric
points of Z4.



30 KAICHENG BAO, JIANGNAN XIONG, AND ENLIN YANG

Choose an algebraic closure Q of KPf together with an embedding s(ug) < Q denoted by .
Since KPerf / Fy is algebraic, €2 is also an algebraic closure of Fp, so u defines a geometric point of Z4
above the geometric generic point of M. Moreover, (ug)/KP" is finite separable because KPef
is perfect. Flat base change therefore preserves the local intersection multiplicity at the chosen
geometric point, hence we have

(41824) I(a) = (]*B) df)T*(U/errf),uO'

Since Z4 — M is quasi-finite, the induced morphism Z, — A}w is also quasi-finite. By the universal
local acyclicity of f4 outside Z4 and [13, Proposition 2.8(1)], we may identify the vanishing-cycle
complex defining ¢(u) with R®z(j*F,perr, f). Consequently,

(4.18.25) ¢() = — dimtot R®z(j*F,per, f).
Evaluating I — ¢ = 0 at u yields
(4.18.26) (7 By df) e 7 cperty g = — dimtot RO (5 Fpert, f).

Thus B satisfies the Milnor formula for every at most isolated Cper-characteristic test. Since

Cpert = SS(Fpert ), by the uniqueness in [13, Theorem 5.9] we have

(4.18.27) CC(Fypert) = CO(F) xj P
This proves (4.18.1).

4.19. We now verify the local-acyclicity condition on the ordinary generic fiber. By (4.18.1),
(4.19.1) SS(F) xp nPt = SS(F, pert).
Since ¢,pert is SS(F),pert-transversal outside W,per, [13, Lemma 4.2(5)] implies that ¢,per is

universally locally acyclic relatively to fnperf outside W,perr. Notice that the morphism pperf =

Spec KPf — Spec K = 7 is a universal homeomorphism The induced equivalences of étale topoi
[15, Tag 03SI], together with base change identify the canonical morphisms in Lemma 2.2(4) before
and after this extension. Hence universal local acyclicity descends by the equivalence of (2) and (4)
in Lemma 2.2. Therefore, we have

(4.19.2) by Xy — Wy

is universally locally acyclic relatively to .7?7, outside W,,. By a slight abuse of notation, we denote
both the specialization map on HY(X;,, K x,/m) and H ox,, K X,/ Vn/n) DY spt. The universal local
acyclicity of prg : X — S gives

(4.19.3) R (Fy) = Fs =~ F,
therefore Proposition 3.3(6) gives

7 ~W ~ ~
(4.19.4) sp C 1y, (Fn) = C)Z(/Ai/k(}').

4.20. Recall that we have the section o = d¢ = df + udg. Combining Lemma 4.18 with flat base
change for the refined intersection, we have

(4.20.1) 0,y (CO(F) x11) Xy P = 0, peat (CO(F) x4 P) = 015t CO(F o).
Lemma 4.21. With the preceding notation, we have

~W perf -~ 3 er
(4.21.1) Co e 9, pest et (Fpeet) = A0 hpent (CO(F) x5 7))
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Proof. Recall that under our construction, W, per is finite over nPef . For each closed point = €
]Wnperf |, choose an open neighbourhood U, containing no other point of |Wnperf|. The étale locality
and the cohomological Milnor formula of non-acyclicity class [18, Proposition 4.6 and Theorem 6.1]
give

(4212) Cl{]i})ynperf/nperf (fnperf |U:c) = — dimtot R@j (fnperf, (bnperf) in HQOC(U:B, ICUgc /nperf) ~ A.

Saito’s isolated characteristic-cycle formula [13, Theorem 5.9] says, for the same point,

multy (0}t CC(Fypert)

(4.21.3) _ _

= (CC(anerf)7 d¢nperf)T* (anerf /nperf)’x - — dlmtOt R@i (.F,r]perf, ¢nperf) ln Z

Since supported cohomology on a finite set decomposes as the direct sum of its point-supported
groups, summing over  gives
~W perf o

(4.21.4) R (Fypert) = CL(0 pert CC(F ppert)).
Applying (4.20.1) we get the desired result. O

Lemma 4.22. Let gx : ancrf — X, and gy : ynpcrf — Yy be the projections. Then there is a
canonical isomorphism

(4.22.1) xR, 190 = KX ot 19 et et
Moreover, we have
* 0 ~ 0
(4222) qX . HWn (Xn, ICXT]/yT]/n) — Hwnperf (anerf, Kanerf/ynperf/nperf)'

Proof. The maps gx and gy are universal homeomorphisms, hence ¢% and ¢j- are equivalences on
the relevant derived categories of constructible sheaves by [3, Exposé VIII, Théoréme 1.1]. For the
Cartesian square defined by ¢, : &;, — ), base change gives

(4223) q;'R(bnl l) R(anpcrf!q;(,

by [15, Tag OF7L]. Moreover, the two equivalences yield a canonical base change isomorphism
(4.22.4) G5 Ry, = Ry pent G-

Hence by definition we have

(4225) q;(ICXn/T] :) ICanerf/nperf, q;(ICXn/yn % Kxnperf/ynperf’

and the consequence follows from the distinguished triangle (3.2.3). g

Lemma 4.23. Retain the preceding notation. We have

(4.23.1) Oy, in(Fn) = Ao} (CC(F) xxm)) .

Proof. Let gx and gy be as before. The distinguished triangle (3.2.3) gives
(423.2)  ps: HOX,Kxp) = HO(X, Ky gp)y oyt HO(Xy, Kox, ) = HO(Xg, Ko 3, /)

and similarly we define p,perr. Thus

(4233) an - pn o Cln, anperf - pnperf e} Clnperf-

We compare the pullbacks of the two sides of (4.23.1). Firstly, the pullback formula for the non-
acyclicity class (3.3.2) gives
~W perf =~

x AW T
(4234) qX C‘Xﬁn/yn /77 (fn) - C‘X'r;mf /ynPCrf /nperf (anerf).
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On the cycle side, compatibility of the supported cycle class map with scalar extension [7, Cycle,
Lemme 2.3.7] gives

(4.23.5) q}cln(aé (CO(F) xxn)) = clypert (057 (CC(F) xp 1) xynPH).
Moreover, the naturality of morphisms involved gives the commutative square
p
HBVn(XmK:Xn/n) — HBVn(XW’ICXn/yn/U)
(4.23.6) i | o

pnpcrf

pef

0
H (X perf , ICanerf /nperf)

0
Wnperf n H (anerf ? ICanerf /ynperf /Tlperf ) :

Consequently, using (4.20.1), we have

qxcly(oy,(CC(F) x ) = clypert (01 (CC(F) x5 1) x5 7P)

(4.23.7) ~ . g
- Clnperf (U,}]perf (CC(.F) Xk nper )) .

By (4.21.1), the right-hand sides of (4.23.4) and (4.23.7) are equal, hence

~W, T * 1 !
(4.23.8) 0% C 1y, 1y (Fn) = axcly (o, (CO(F) xx.1)).
Finally, by the previous lemma 4.22, the equality descends uniquely to 7, and we obtain
W ~ ~ 7
(4.23.9) Cy, o Fn) = by (a} (CC(F) xim))
which is (4.23.1). O

4.24. Proof of Theorem 4.2. Recall that
(4241) Ps : HO(X7 ’CX/k) — HO(X7 K:X/A,lg/k)) Pn - HO(Xnachn/T]) — HO(XU’,CXn/yn/n)
and by definition we have cly = p; o cls, gln = pyocly. By [18, (4.47)], we have

(4.24.2) sp® op,y = ps 0 sp®

Notice that every component of the cycle CC(F) Xy, [S] € CHgy1(SS(F) xi S/S) is flat over S,
Corollary 4.12 gives

(4.24.3) sp el (a3, (CC(F) xxm) ) = el ((df)'CC(F)).

Combining (4.19.4), (4.23.1) and (4.24.3), we have

~ o
CRyan(F) =50 C 1 (Fo

)
= sp° pncl( (COF) xim))
= pssp® ( (C(J:)XM))
— pecl((df)'CO(F)).

(4.24.4)

This is Theorem 4.2.
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