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Abstract

For a constructible sheaf F on a smooth scheme X over a perfect field, the singu-
lar support SS(F) and the characteristic cycle CC(F) are defined on the cotangent
bundle. In analogy with the construction of Kashiwara—Schapira via microlocaliza-
tion in the transcendental setting, we construct the microlocal versions S5, (F) and
CC,(F) of SS(F) and CC(F) respectively, and prove

SS,.(F)=8S(F),  CCL(F)=cCC(F),

where cl is the cycle class map.

As a consequence of the second equality, we show that the cohomological charac-
teristic classes are the cycle classes associated with the corresponding characteristic
cycles, as conjectured in (Invent. Math. 207: 597-695, 2017). As further applica-
tions, we give new proofs of the index formula and Bloch’s conductor formula in the
proper case, independently of Abe’s homotopical approach via oo-categories.

Contents

1 Introduction 2

2 Fourier transforms and the specialization 8
2.1 Complements on Fourier transforms . . . . . . . . ... ... ... ... .. 8
2.2 Deformation to normal bundle . . . . . . ... ... ... L. 23
2.3 The specialization functor . . . . . ... ... .. ... ... .. ..., 28
2.4 Radon transform . . . . . . ... .. 43

*takeshisaito@g.ecc.u-tokyo.ac.jp

*Department of Mathematical Sciences, University of Tokyo, Komaba 153-8914 Tokyo, Japan.

fxiongjiangnan@stu.pku.edu.cn

tSchool of Mathematical Sciences, Peking University, No. 5 Yiheyuan Road Haidian District, Beijing
100871, P. R. China.

fyangenlin@cnu.edu.cn

fSchool of Mathematical Sciences, Capital Normal University, No. 105 XiSanHuan North Road,
Beijing 100048, P. R. China.

2010 Mathematics Subject Classification. Primary 14F20; Secondary 14C17.

Key words and phrases. singular support, characteristic cycle, microlocalization, specialization,
Fourier transform.



3 Singular supports and microlocalization 47

3.1 Construction . . . . . . . . . .. 47
3.2 Inclusion of singular supports . . . . . .. ... ... ... ... 51
3.3 Equality of singular supports. . . . . . .. ... ... L. 54
4 Characteristic cycles and microlocalization 57
4.1 Construction . . . . . . . . . . e 58
4.2  Tamely ramified sheaves on curves. . . . . . . . . .. ... L. 62
4.3 Proper push-forward . . . . .. ... L 70
4.4 Smooth pull-back . . . . . ... 7
4.5 External products . . . . . ... 82
4.6 Characteristic cycles . . . . . . . .. 84
4.7 An Artin—Schreier sheaf . . . . . . ... ... ... 0. 87
4.8 Characteristic classes and characteristic cycles . . . . . . . .. ... .. .. 92
4.9 Microlocalization for f-adic coefficients . . . . . . . . .. .. ... ... .. 94

1 Introduction

For a constructible sheaf F on a smooth scheme X over a field k of characteristic p > 0, the
singular support SS(F) and the characteristic cycle CC(F) are defined on the cotangent
bundle 7*X [Beil6], [Sail7a]. In a transcendental context, the singular supports and the
characteristic cycles allow a construction using the microlocalization yHom/(F, F) defined
on the cotangent bundle [KS90]. We study a similar construction in the algebraic setting.
Let 19 be the generic point of the henselization of A} at the origin. Choose a geometric
point 7jy above 7y and a compatible separable closure k of k, and write G,,, = Gal(7/m)
and Gj = Gal(k/k). Let A be a finite local ring of residue characteristic ¢ # p. We
fix a non-trivial character ¢ : F, — A*. For F € D.(X,A), the microlocalization
uwHom(F,F) is an object of the derived category D (T*X Xy 19, A) of bounded con-
structible complexes of finite tor-dimension on 7* X} equipped with a continuous semilin-
ear G,,-action, where the action on the base is induced by the quotient G,, — Gy. It is
defined as the Fourier transform of the specialization vHom(F,F) € De(T Xz, A) of

(1.0.1) Hr = Hom(priF, pryF)

along the diagonal §: X < X x X. Here and in what follows, we omit R from the
notation for derived functors. The support of pHom(F,F) descends to a unique closed
conical subset SS,(F) C T*X, which we define in Definition 3.1.4. The construction
of the cohomology class CC),(F) supported on SS,(F), given in Definition 4.1.2, refines
the construction of the characteristic class Cx/x(F) in [AS07]. Recall that Cx/(F) €
H°(X, Kx) is defined as the composition

(1.0.2) A5 8ot — 5 S Ky,

where K x = a'A for the structure morphism a: X — Spec k. Taking adjoints and applying
the microlocalization functor, we obtain

(1.0.3) A — pHom(F,F) — (" Kx)|rx,,



where e¥: T*X — X is the projection. The composition defines a Gj-invariant co-
homology class supported on SS,(F)z, which descends uniquely to a class CC,(F) €
HOSSM(F)(T*X, e Kx).

We prove the following equality between S.S,(F) and SS(F).

Theorem 1.0.1 (Theorem 3.3.6 and Theorem 4.9.12). Let X be a smooth k-scheme and
F € De(X,A). We have

(1.0.4) SS,(F) = SS(F).

The assertion also holds for constructible complexes with coefficients in a finite extension
E/Qq, interpreted on the pro-étale site.

Following a suggestion of Beilinson, one can use Wang’s Fourier transform [Wang] to
construct S5, and C'C), uniformly over fields of arbitrary characteristic, including char-
acteristic zero; see Definition 3.1.9, Proposition 3.1.10, and Remark 4.1.3. This approach
simplifies some arguments and avoids both the choice of an additive character and the
associated coefficient extension in Lemma 2.1.1.

We outline our proof of (1.0.4). The first step is to prove the following inclusion (cf.
Theorem 3.2.5):

(1.0.5) SS,.(F) C SS(F).

By a standard reduction, we may assume that X = P = P" is a projective space of
dimension n > 1. Let PV be the dual projective space and let

(1.0.6) Q={(z,[H)):2€ H}CPxP' p:Q—P p :Q— P,

be the incidence correspondence and its projections respectively. Let U be the largest open
subset of @ such that p|y is universally locally acyclic relatively to G = p¥*Rp) p* F[2n —
2](n — 1). Beilinson’s results on Radon transforms [Beil6, Theorem 3.2] identify the
projectivization of SS(F) with @ \ U. It therefore suffices to show that uHom(F,F)
vanishes on the cotangent lines parametrized by U.

We consider the base change of the diagonal dp : P < P x P along p X p

QxpQ —25 QxQ

(1.0.7) | [es

P s pxp

It induces natural morphisms IT : Ty ,.0(Q X Q) 2 Q Xp Q@ Xp TP — Tp(P x P) ~TP
and ITV : Q xp Q xp T*P — T*P, which are the projections. A key step is to construct
the following retraction (see Corollary 2.4.3):

(1.0.8) Vsp () — 1L, (HG) — v5,(IF).
Applying the Fourier transform to (1.0.8), we obtain pHom(F,F) as a retract of

(1.0.9) Fyll, () ~ 1Y Fyv; ().



We then estimate the support
(1.0.10) ¥ = suppg (Fyvi, (H5)) € Q xp Q xp TP,
where supp,, (Fyv;, (%)) is the unique closed subset of Q) xp Q xp T* P such that

(1.0.11) (suppy (Furs, (H5)))z = supp(Fy, ().

We use a deformation method to construct a linear action of 7(Q x @Q/PY x PY) on
Toxpo(Q x Q) under which v; (J) is invariant (cf. Lemma 2.4.4). We use this linear
action to deduce that ¥ is contained in the union of the zero section and the tautological
line bundle on the diagonal @ C @ X p Q. We use the universal local acyclicity of p|y with
respect to G to deduce that |y« ¢ is contained in the zero section Op«p. Combining the
two estimations, we obtain (1.0.5).

The next step is to prove a support estimate for microlocalization along a smooth
closed subscheme.

Theorem 1.0.2 (Theorem 3.2.6). Let Z — X be a closed immersion of smooth k-schemes
and F € De(X,\). Let Tz X be the normal bundle of Z — X and Fyr,x/z the Fourier

transform on it. We define
(1.0.12) pz)x(F) = Fyr,x/2(VzxF) € Deg(T7 X Xm0, A),

where vz x (F) is the specialization of F along Z — X, and nq is the generic point of the
henselization of A' at 0. We have:

(1.0.13) suppy (piz/x (F)) © SSu(F)NTzX € SS(F) N T X,
where suppy (pz/x (F)) € T3 X is the unique closed subset of Ty X such that
(1.0.14) (suppy (pz/x (F)))s = supp(pz/x (F)) in Tz X;.

This is proved by constructing a retraction
(1.0.15) pzyx(F) = (q") uHom(F, F) ® pzyx (F) — pzyx (F),

where ¢¥ : Ty X — T*X xx Z is dual to the quotient bundle map ¢ : TX xx Z — Tz X.
Then (1.0.5) implies (1.0.13).

We establish a Kiinneth formula for gHom in Lemma 3.3.1. Let X and Y be smooth
k-schemes. For constructible complexes F € Dy (X, A) and G € D (Y, A), we construct
a canonical isomorphism

(1.0.16) pHom(F R G, FXG) ~ uHom(F,F) XK uHom(G,G).
This gives the product formulas
(1.0.17)  SS(FRG) = S9S,.(F) x SS,.(9), CCU(FKRG)=CC,(F)RCCLG).

Finally, we prove the equality (1.0.4) using (1.0.5), Theorem 1.0.2 together with the
Kiinneth formula (1.0.17) for SS,,.



Theorem 1.0.3 (Theorem 4.6.2 and Theorem 4.9.2). Let k be a perfect field and let X
be a smooth k-scheme of pure dimension d. For any F € D.(X, ), we have

(1.0.18) COW(F) = dCC(F),

where cl : Zq(SS(F)) — HOSS(F)(T*X, ex Kxi) is the cycle class map.
The assertion also holds for constructible complexes with coefficients in a finite exten-
sion E/Qy, interpreted on the pro-étale site.

We sketch the proof of (1.0.18). First, we prove the equality in Corollary 4.2.5 for a
tamely ramified sheaf F on a curve by computing vHom/(F, F). Then, using a global argu-
ment based on a theorem of Katz—Gabber [Kat86], we prove Proposition 4.6.1 for curves.
For the proof, we use an index formula for C'C), proved in Corollary 4.3.3 and compare it
with the Grothendieck—Ogg—Shafarevich formula. The index formula in Corollary 4.3.3 is
a special case of the compatibility of C'C), with proper push-forward in Proposition 4.3.2.

To prove Theorem 4.6.2 in higher dimension, we prove that CC),(F) also satisfies the
characterization of CC(F) by the Milnor formula. By the equality SS,(F) = SS(F), the
theorem of Beilinson dim SS(F) = dim X implies dim SS,(F) < dim X. By the weak
cohomological purity, this makes it suffice to compare the coefficients in CC,,(F) and in
CC(F) of irreducible components of dimension dim X. By the compatibility with push-
forward for a closed immersion, it is reduced to the case where X is projective. Then, by
taking a Lefschetz pencil and by the compatibility with proper push-forward in Proposition
4.3.2, the Milnor formula is reduced to the equality C'C,, = clCC for the direct image on
P! proved in Proposition 4.6.1.

As an application of Theorem 1.0.3, we prove a conjecture on cohomological charac-
teristic classes formulated by the first named author.

Conjecture 1.0.4 (Saito, [Sail7a, Conjecture 6.8]). Assume k is a perfect field. Let Z be
a k-scheme, and leti : Z — X be a closed immersion into a smooth k-scheme X . Let A be
a finite local ring whose residue characteristic is invertible in k. For every F € Dey(Z, ),
we have

(1.0.19) Cz(F) = clz(cezo(F)) in H(Z, Kzp),

where cczo(F) = 0CC(i,F) € CHy(Z) is the refined Gysin pull-back of CC(i,F) by the
zero section Ox: X — T*X (see [Sail7a, Definition 6.7)).
In [YZ25, Theorem 1.2], the third named author and Zhao prove this conjecture in

the case where Z is smooth and quasi-projective by using non-acyclicity classes and the
fibration method. Using microlocalization, we prove Conjecture 1.0.4 in full generality.

Theorem 1.0.5 (Theorem 4.8.2). Conjecture 1.0.4 holds.

We apply the results for /-adic coefficients to establish two results for finite coefficients.
The first is the index formula for the Euler—Poincaré characteristic, which is proved in
[Sail7a, Theorem 7.13] under the assumption that the variety is projective.

Corollary 1.0.6 (Corollary 4.9.5). Let X be a smooth scheme over a perfect field k of
characteristic p > 0, and let A be a finite local ring over Z/{™Z for a prime number { # p.
Leti: Z — X be a closed immersion and F € Dy (Z,N). Assume Z is proper over k.
Then we have an equality in Z

(1.0.20) X(Zz, F) = degeezo(F).
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The second is the geometric case of the conductor formula conjectured by Bloch in
[Blo87, Conjecture], which is proved in [Sai21, Corollary 2.2.4] under the assumption that
the morphism f is projective.

Corollary 1.0.7 (Corollary 4.9.8). Let f : X — Y be a proper flat morphism of smooth
schemes over a perfect field k of characteristic p > 0, and let A be a finite local ring
over Z/U™Z for a prime number { # p. Lety € Y be a closed point. Assume that
dimX = n, dimY = 1 and that there is a dense open subset V. C Y such that the base
change fy : X Xy V. — V is smooth. Then we have an equality in Z

(1.021) —ay(£.4) = (=1)"degyq,) (e, (@) N X]).

where cnﬁy(Qﬁ(/Y) is the localized Chern class defined in [Blo87, Section 1].

We also note that Abe [Abe] has studied the index formula and the conductor formula
from a homotopical perspective using oo-categories.

We briefly sketch the contents of each section. We recall basic properties of Fourier
transforms and prove some complements in Section 2.1. In Section 2.2, we introduce
deformation to normal bundle. The specialization functor is introduced in Section 2.3
following Verdier [Ver83]. The specialization is defined by applying the nearby cycles
functor to the deformation to normal bundle. The microlocalization is defined as the
Fourier transform of the specialization. In Section 2.4, we prove some results on retraction.

In Section 3.1, we define SS,(F) using the microlocalization pHom(F,F). We prove
(1.0.5) and Theorem 1.0.2 in Section 3.2, and we establish the equality (1.0.4) in Section
3.3.

In Section 4.1, we define CC,(F) using the microlocalization pHom(F, F). We com-
pute CC,, in Section 4.2 for a tamely ramified sheaf on a curve; this computation is used in
the proof of the curve case of (1.0.18). In Sections 4.3 and 4.4, we study the compatibility
with proper push-forward and with smooth pull-back respectively. We prove the Kiinneth
formula (1.0.17) in Section 4.5. We prove (1.0.18) in Section 4.6. In Section 4.7, we give an
explicit and independent computation of CC), for a wildly ramified Artin-Schreier sheaf
on a curve. As an application of Theorem 1.0.3, we prove Theorem 1.0.5 in Section 4.8. In
Section 4.9, we extend the results to f-adic sheaves, and prove the index formula (1.0.20)
and Bloch’s conductor formula (1.0.21).

When the first named author studied the microlocalization of étale sheaves with Ahmed
Abbes in 2004, they thought that this approach would not work since an alternative
approach using the blow-up taken in [AS07] worked well. The first named author recently
computed the example in Section 4.7 and realized that they had reached the negative
conclusion too quickly. The same question was also considered independently by D.-
C. Cisinski and A. Khan.

During 2016-2018, when the third named author was a postdoctoral researcher at the
University of Regensburg, Denis-Charles Cisinski suggested developing a theory of singular
support and microlocalization in the motivic setting. While a notion of singular support
for motives was successfully constructed, the difficulties arising from wild ramification led
the third named author to remain skeptical about the existence of a satisfactory theory of
microlocalization. After completing the joint work with Zhao [YZ25], however, he came to
believe that an appropriate form of microlocalization might exist, although no substantial



progress was made at that stage.! It was only after the first named author had taken the
first step in this work that the key idea emerged. More specifically, the idea of deforming
after the base change (1.0.7) was inspired by the construction of non-acyclicity classes in
[YZ25, 4.2-4.3].
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Notation and Conventions

(1) Throughout this article, & denotes a field of characteristic p > 0, and k denotes a
separable closure of k. Unless otherwise stated, all schemes are separated and of finite
type over k.

(2) Let A be a finite local ring over Z/¢"Z for a prime number ¢ # p and an integer n = 1.
For a noetherian scheme X over k, D%(X, A) D D(X, A) denote the derived category
of bounded constructible complexes of A-modules on X and its full subcategory of
complexes of finite Tor-dimension.

(3) We fix a non-trivial character ¢ : F,, — A* whenever such a character exists; oth-
erwise use the coefficient extension of Lemma 2.1.1. Let £, be the Artin—Schreier
sheaf on A} corresponding to the character . For a morphism f: X — Al we put

Ly(f) = f"Ly.

(4) For a smooth k-scheme X, we write 77X and 7*X for its tangent and cotangent
bundles, respectively. If f: X — Y is a smooth morphism, we write T(X/Y) and
T*(X/Y) for the relative tangent and cotangent bundles, respectively. For a regular
immersion i: Z — X, we write T, X and 7, X for the normal and conormal bundles
of Z in X, respectively.

(5) Unless explicitly stated otherwise, we omit R and L from the notation for derived
functors.

(6) For a separated morphism a: X — S, write Kx/s = a'A and Dx/s(—) = Hom(—, Kx/s).
We write Dx when the base is Spec k.

!There is a link between yHom(F, F) and the object 6352 .#%; this link will be investigated in a later
paper.



2 Fourier transforms and the specialization

2.1 Complements on Fourier transforms

Let k be a field of characteristic p > 0. Let A be a finite local ring over Z/¢("Z for a prime
number £ # p and an integer n = 1. If such a character exists, we fix a non-trivial character
¢: F, = A*. Let ¥V: F, = A* be the character defined by ¢¥(z) = ¢(—z) = ¢ (z)~".

In general, the following lemma shows that such a 1 exists after a finite étale faithfully
flat extension of the coefficient ring A.

Lemma 2.1.1. There exist a finite étale faithfully flat local A-algebra A’ and a non-trivial
character ¢ : F, — (A')*.
Proof. Since p is invertible in A, the algebra B = A[T|/(1+T +---+ T?™1) is finite étale
over A. Since B is Artinian, it is a finite product of nonzero local rings. Choose one local
factor A’. It is finite étale over A, hence finite free of positive rank because A is local. In
particular, A’ is faithfully flat over A.

The image ¢ of T in A’ satisfies (P = 1, and ¢ — 1 is invertible. Hence ( has order p,
and

(2.1.1) Y :F, — (A", ar— (%,
is a non-trivial character. O]

Definition 2.1.2. Let £ be a field of characteristic p > 0 and ¢: F,, = A be a non-trivial
character.

1. Let A' = Speck[t] -+ A' = Speck[z] be the Artin-Schreier covering defined by
t? —t = x and identify the Galois group with F, by the action of a € F, defined by
t— t+a. Let Ly be the locally constant constructible sheaf of free A-modules of rank 1
on A! = Spec k[z] trivialized by the Artin-Schreier covering A! — A! corresponding to
the character ¢: F, — A*.

2. Let X be a noetherian scheme over k and let E be a vector bundle over X. Let EV
be the dual vector bundle and

E <™~ Exx EY 225 EY
(2.1.2) H:<,>l
Al

be the projections and the canonical pairing. We define the (naive) Fourier transform
(2.1.3) F=Fy=Fypx: D)E,A\)— D)(EY, \)
by FyF = pry(priF @ p*Ly) and the (naive) dual Fourier transform
(2.1.4) FY = Fyv = Fyv pv/x: DY(EY,A) — D(E,A)

by FyvG = pry(pr3g @ p*Lyv).

The functor Fy: DY(E,A) — DYEY,A) induces F,: Dye(E,A) — De(EY,A). Let
0: X - EFand 0¥: X — EVY be the 0-sections and let e: £ — X and e¥: EY — X denote
the canonical morphisms. Fourier transforms satisfy the following elementary properties.
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Lemma 2.1.3. Let e: E — X be a vector bundle of rank n over a noetherian scheme X
over k and let e¥: EY — X be the dual vector bundle.
1. We have a canonical isomorphism

(2.1.5) 0V*Fy — e

of functors D’(E,A) — D2(X, A).

2. We have a canonical isomorphism
(2.1.6) Fy0, — e"*,

of functors D°(X,A) — D(EY,A).
3. The adjoint

(2.1.7) Fye' — 0Y

of the composition 0V* Fye' — eie' — 1 of the morphism induced by (2.1.5) and the adjunc-
tion is an isomorphism of functors DY( X, A) — Db(EY,A).
The isomorphism (2.1.7) is equivalently formulated as an isomorphism

(2.1.8) Fue* = 0)(— ®@el).
In particular, for any M € D%(X,A), we have
(2.1.9) suppFy(e*M) C 0Y(X) C EY.

Proof. 1. By proper base change theorem, we obtain an isomorphism (2.1.5).

2. Let F € DY(X,A). Since the restriction 1*Ly|xxpv is canonically identified with
A, we have an isomorphism F0,F = pry(pri0.F @ p*Ly) — e”*F (2.1.6).

3. Let F € D%(X,A). We have an isomorphism F(e'F) = pry(prie"'F @ p*Ly) —
eV'F ® F,A by the projection formula. By the proper base change theorem, the restriction
of FyA = proyu*Ly on the complement EY — 0Y(X) of the 0-section vanishes. Hence the
isomorphism (2.1.5) induces an isomorphism (2.1.7).

By the canonical isomorphism e*(—) ® e'A — e' of Poincaré duality, by identifying
e*—®0)e)A = 0Y(—® e/A), we obtain (2.1.8). O

The following is a fundamental result of Katz and Laumon.
Proposition 2.1.4. 1. ([KL85, Théoreme (2.4.4)]). Let j: G,, x A — A! x P! be
the open immersion over k and let Ly(y/x) denote the pull-back of Ly by the morphism
y/x: G, x A = Speck[z*',y] — Al. Then, the projection pr;: Al x P! — Al is
universally locally acyclic relatively to jiLy(y/x).
2. ([KL85, (a) in the proof of Théoreme (2.4.1)]). Let X be a noetherian scheme and
consider the cartesian diagram
A2 25 PLoxy AL
(2.1.10) o | [
AL L5 PL.
Then, the morphism jo(pri(—) @ p*Ly) = Jou(pri(—) ® p*Ly) is an isomorphism.
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Proof. 1. First, we show the universal local acyclicity on A? = Spec k[x,y] C A! x PL. Tt
suffices to show the universal local acyclicity after the base change by the purely inseparable
morphism A! — A! sending z to 2. The normalization of the covering of A? defined by
tP —t =y/zP is A® = Speck[z, s] = A? = Speck[z,y] given by s? — 2P~1s =y for s = xt
and the projection A? = Speck[z,s] — A = Speck[z] is smooth. Hence the assertion
follows from the local acyclicity of smooth morphisms.

Next, we show the universal local acyclicity on A! x (P! — {0}). Changing the coor-
dinates and notation, it suffices to show that the projection A? = Speck[z,y] — Al =
Spec k[x] is universally locally acyclic with respect to jiL,(1/zy) for the open immer-
sion j: G2 — A?% Let g: A' x G,, = Speck[r,u*'] — A? = Speck[z,u] be the open
immersion. By the generic universal local acyclicity [SGA 4%—TF, Corollaire 2.16], the
projection p;: A? = Speck[z,u] — A! = Speck|z] is universally locally acyclic rela-
tively to ¢iLy(1/u). The blow-up q: P — A? at the origin is the union of two affine
planes A = A? = Speck[z,y] and B = A? = Speck|[u,v] where u = zy and z = wv
respectively. Since ¢ is an isomorphism outside the exceptional divisor E, the composi-
tion p; o ¢: P — A! is locally acyclic on the complement P — E. Further, by the first
step above, the composition p; o ¢: P — A! is locally acyclic relatively to ¢*giLy(1/u)
except possibly at the origins of A and B. Since ¢q: P — A? is proper, by proper base
change theorem, the composition p; o g: P — Al is everywhere locally acyclic relatively
to ¢*g1Ly(1/u). Since the restriction of ¢*¢Ly(1/u) on A is the same as jiLy(1/xy), the
assertion follows.

2. Let F € D’(A%,A). By 1, the projection pr;: Py xx AL — PL is locally acyclic
relatively to jou*Ly. Hence by [I1177, Proposition 2.10], the morphism jo (priF @ pu*Ly) =
DT jeF @ Jap* Loy — Jou(priF & p*Ly) is an isomorphism. O

Proposition 2.1.4.2 implies that the canonical morphism
(2.1.11) FyF = proy(priF @ L) = pra, (priF @ pLy)

is an isomorphism [KL85, Théoreme (2.4.1)].

Corollary 2.1.5. Let E be a line bundle on X and EV be the dual. Letg: E* = E — X —
E and ¢V: BV = EY = X — EV be the open immersions of the complements of the 0-
sections. Let 0: X — E be the 0-section and define a morphism 0, Ax — gApx[1] by the
exact sequence 0 — giApx — Ag — 0,Ax — 0. Then, there exists a unique isomorphism

fitting in the commutative diagram

(2.1.6)

FwO*AX AE\/
(2.1.13) l l
2.1.12
Foghp1] 2225 g A,

Proof. By the isomorphism Fy,Ap — 0YAx(—1)[—2], the exact sequence 0 — giApx —
Ap — Ax — 0 induces an isomorphism (Fy0,Ax)|pvx = Apvx — FypgApx[1]|gvx. By
adjunction, there exists a unique morphism FygAgx[1] = g/ Agvx making (2.1.13) com-
mutative. Its restriction on EY* is an isomorphism.
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It suffices to show that the morphism FygA — ¢Yg"*FpgA is an isomorphism. We
consider the commutative diagram

FpgA —— pro, (prigA ® p*L)

(2.1.14) l l

9. 9" FygA —— g/ pry, (PrigiA @ 1" L)|pxxpvx).

By the isomorphism (2.1.11), the horizontal arrows are isomorphisms. It suffices to
show that the right vertical arrow is an isomorphism. Since e,giA = 0, the morphism
pry, (PrigiA @ p*L) — pro, (A X g/ A) ® p*L) is an isomorphism. Let gy : F xx EV* —
E xx EY be the open immersion. Then pr,, ((¢iA K g/A) @ p*L) — pry,gs,. ((prigA ®
L) Ex gvx) is an isomorphism and the assertion follows. O

Proposition 2.1.6 ([Lau87, Théoreme (1.2.2.1)]). Let e: E — X be a vector bundle over
a noetherian scheme X over k and let e¥: EY — X be the dual vector bundle. There exists
a canonical isomorphism

(2.1.15) i FyFyp — — @ e el
of functors D’ (EY,A) — DY(EY,\).

Proof. Let Ly(z(yY—2")) denote the pull-back of £, by the morphism EY x x Ex xy EY —
Al sending (zV,z,y") to p(z,y" — z). We consider the cartesian diagram

E 1B xy BV 22 EV
T e
pro Prag pra
(2.1.16) EVxx E22 BV xy Exy EY 2% BV xx EY
PH\L P 5><1T Td
EVY EV xy E—1 EV.

By the proper base change theorem applied to the lower right square, the pull-back by the
lower middle vertical arrow induces isomorphisms

(2.1.17) prigLy(z(y’ —2")) = pri5(0x 1), (0 x 1) Ly(z(y’ —2)) = dupryA = dueFelA.

By proper base change theorem, the projection formula and by (2.1.17), we obtain iso-
morphisms

FyFyv — pry(pri — @Ly(z(y" — 7)) — pray(pry — @prig Ly(z(y” —27)))

2.1.18
( ) — pryy(0.(— @ e er\)) — — ® e elA.

]

In the following, we fix ¢ and drop it from the notation. The isomorphism (2.1.15) is
equivalently reformulated as an isomorphism

(2.1.19) ii F(FY(=)®e'A) — 1.

11



Proposition 2.1.7. Lete: E — X be a vector bundle of rank n over a noetherian scheme
X over k and let €¥: EY — X be the dual vector bundle. The diagram

F(Fve\/!(—) Q e!A) ¢ eV!
(2.1.20) (2.1.8)l Tu)ncan

(2.1.6)

FO.(-)®e'A) —5 eV (=) ® e 0% A

of functors D’(X,A) — DY EV,A) is commutative. The upper horizontal arrow is de-
fined by (2.1.19) and the right vertical arrow is (—1)"-times the morphism induced by the
canonical isomorphism e"*0*e'A — eV'A.

Proof. We consider closed immersions

(2.1.21) BV xy BV L0 pvo B BY XL BV« E

defined by (6 x 1)(z¥,z) = (z¥,x,2"). Let p1,p3: EY Xxx EY — EY and q: EY xx E — EY
be the restrictions of the projections pry,pry: EY Xx E xx EY — EY. By the proof of
Proposition 2.1.6, the upper horizontal morphism i: F(FVe"'F ® e'A) — €"'F is induced
by the composition via upper right in the diagram

pry (prie"F @ L((y¥ — 2¥)z) @ prye’A) —=q(e”' F K e'A)

(2.1.22) l l
pa(prie"' F @ (e¥ x eV)*0%e'A) eV' F

for F € D%(X,A). The upper horizontal arrow and the left vertical arrow are induced
by the pull-back by the immersions in (2.1.21) respectively. The right vertical arrow is
induced by the isomorphism Trgx : ere’ — 1. The lower horizontal arrow is induced by
the isomorphism Trpv /x eVt — 1 for the first factor EV and the canonical isomorphism
eV*0%e'A — e"'A. The arrows in (2.1.20) via lower left are induced by the corresponding
arrows in (2.1.22). Hence it suffices to show that (2.1.22) is (—1)"-commutative. By the
projection formula, we may assume F = A.

After changing the coordinate (¥, z,y") by (y¥ —x",z,y"), the immersions in (2.1.21)
are the base change by EV — X of the immersions EY — Exx EY + E and L((yY —z")x)
is the pull-back of £(zVz). Hence, it suffices to show Lemma 2.1.8.1 below. O

Lemma 2.1.8. 1. Let e: E — X be a vector bundle of rank n and e": EV — X be the
dual. Then, the diagram

(e x eV ) Ly(n)2n] —— €’/ Fye'A LGN e’ 0/ A

| l

egFJeV!A M

(2.1.23)

G!O*A —_— A
of isomorphisms of sheaves on X is (—1)"-commutative.

2. Let y: A% = Specklz,y] — A' = Speck[t] be the morphism defined by t = xy and
let Do\ denote the vanishing cycles complex at 0 € A% with respect to u. Then, we have
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an isomorphism R'A — A, an ezxact sequence 0 — ®}A — R*uA — A(—=1) — 0 and
RYyA =0 forq#1,2.

3. Let k be an algebraically closed field and let o be the involution of A* = Spec k|x, 1]
switching x and y. Then o acts on H2(A?, L, (zy)) by —1.

Proof. 1. Since the assertion is local on X, we may assume that £ = A’;.. By the Kiinneth
formula, we may assume that n = 1. Further, we may assume that X = Speck for an
algebraically closed field k. Hence, the assertion is reduced to 3.

2. We construct a relative compactification zi: P — A!. The second projection P! x
A' — A' = Speck[t] is proper. Let P — P! x A! be the blow-up at the origin of
A% = Speckly,t] C P' x Al. Let Ly be the proper transform of (y = 0) C A? and L, be
the inverse image of (P! x A') = A2. Then, the complement P = (Lo U L) is identified
with A2 = Speck[z,y] by zy =t and hence P — P! x A! — A = Speck|t] is a relative
compactification of u: A? = Spec klx,y] — Al

Let j: A? = Speck[x,y] = P — (LyULy) — P be the open immersion. The morphism
7i: P — A'is smooth except at 0 € A? and Ly and L., are sections of zi: P — A'. Hence
the morphism P — A! is locally acyclic relatively to jiA except at the origin 0 € A2. Let
flo be the generic geometric point of the strict henselization at 0 € A! and let ®3A denote
the vanishing cycles complex at 0 with respect to p. By the Picard-Lefschetz formula, the
complex ®yA is acyclic except at degree 1 and the A-module ®}A is free of rank 1. Let
+ = A? X1 0 and Gy, 5, = A? xa1 7y be the fibers of p: A — A'. Then, the assertion
follows from the distinguished triangle I'.(4+,A) = T'.(Gpp, A) = oA —.

3. By the projection formula, we have a canonical isomorphism uLy(zy) — Ly @ A,
Hence by 2. and I'.(A', £,) = 0, we have a canonical isomorphism ®jA — HY(A' L, ®
R*umA) — H2(A? L, (zy)). Since o acts on ®JA by —1 by the Picard-Lefschetz formula,
the assertion follows. O

We study relations of Fourier transforms with pull-back and push-forward by linear
morphisms of vector bundles.

Proposition 2.1.9 ([Lau87, Théoreme (1.2.2.4)]). Let a: E — E’ be a linear morphism
of vector bundles on a noetherian scheme X over k and a": E"Y — EY be the dual. Let
F and F' denote the Fourier transforms for E and E' respectively. We have a canonical
1somorphism

(2.1.24) d: Flay — a"*F
of functors D°(E,\) — D(E", \).
The morphism (2.1.6) is the case where a: X — E is the 0-section.

Proof. By applying the proper base change theorem to the cartesian squares in the com-
mutative diagram

E xx BV ——=FEY

(2.1.25) EX~ _ExxEYV—>FE"

| 7

E,%E, X x El\/
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and by the projection formula, we obtain isomorphisms
Flay = pry(pr} (=) @ Lo(a'2)) = prig(a x 1o )(prf (=) @ Ly(a(z)a™)
(2.1.26) — priy(lg x a’)"(pri(—=) @ Ly(zz"))
— a""pryy(pri(—) ® Ly(rz")) = a"*F.
O]

Corollary 2.1.10. Let the notation be as in Proposition 2.1.9 and let FV and F"V denote
the dual Fourier transforms for E and E' respectively (cf. (2.1.4)).
1. There exists a unique isomorphism

(2.1.27) d: Fla* (=) ®e'A) = a) F'(— @ ¢"A)
of functors D°(E’, A) — Db(E", A) such that the diagram
F(a*FY (=) @ )~ o) F'(FY(=) ® ¢"A)
(2.1.28) dT g
F(FVa) (=) @ e'A) —2 ay

1s commutative. The left vertical arrow is an isomorphism induced by the isomorphism d
for aV: E"Y — EY under the canonical identifications EVY = E and E"VV = F'.
Ifa: E — E' is smooth, (2.1.27) is equivalently reformulated as an isomorphism

(2.1.29) d": Fa' — a)F'

2. The isomorphism Fe' — 0 (2.1.7) is the special case of d (2.1.29) wherea: E — X
15 the structure morphism. Namely, the diagram

Fe'(—) @A) = Fe! “ 2 oy
(2.1.30) dT .
IE
F(FY0/(-) ® e!A)
18 commautative.

Proof. 1. The functor F"V: DY(E",A) — DPY(E’',A) is an equivalence of categories by
Proposition 2.1.6. Hence the commutative diagram (2.1.28) uniquely defines a natural
isomorphism d".

2. By the characterization of d¥, it suffices to show that the diagram (2.1.30) is
commutative. By the proof of Proposition 2.1.7, ig: F(FY0/(—) ® ¢'A) — 0) equals the
composition of the isomorphism F(FV0)(—) ® ¢'A) — pry,(0Y(—) K e'A) induced by the
pull-back by § x 1: EY x E — EY x E x EY and the isomorphism pry,(0)(—) X e'A) —
0/(—) ® ee'A — 0 induced by Trg/x. Since F(e*(—) ® e'A) — Fe' — 0Y (2.1.7) is also
induced by Trg,x, we have the equality as required. O

Let a: E — E’ be a linear morphism of vector bundles on a noetherian scheme X.
Canonical morphisms

(2.1.31) adj,: ae’ — €,
(2.1.32) adj,: 0y — a'0]
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are defined to be the adjoints of the canonical isomorphisms €' — a'e” and @0, — 0]. In
particular, (2.1.31) for the O-section a = 0': X — E' defines adj, : 0] — ¢". Similarly,

(2.1.33) res,: a*0, — 0,,
(2.1.34) res,: € — a.e”

are defined as the adjoint of 0, — a.0, and a*¢”* — e*. In particular, (2.1.33) for the
canonical morphism a: £ — E’ = X defines res.: ¢* — 0,. We show that the Fourier
transforms of adjunction morphisms are identified with the restriction morphisms. We
also show that dual statements involve signs.

Proposition 2.1.11. Let a: E — E’ be a linear morphism of vector bundles on a noethe-
rian scheme X over k and a": E"Y — EV be the dual. Let F' and F' denote the Fourier
transforms for E and E' respectively.

1. The diagram

L (2.1.7)
F'aje¢ ——=a"*Fe'—=a"*0)

(2.1.35) adjai
resa\/
ot (2.1.7) g o
1s commutative. In particular, the diagram
Fe (2.1.7) 0
(2.1.36) adjeT T
(2.1.6)

Fy0, —2 eV

15 commutative.
2. Assume that a: E — E’ is an immersion of codimension r = n' —n = rank B/ —
rank E. Then, the diagram

(2.1.8)

Fla.e* a"*Fe* a"*0)(— ® e/A)

(2.1.37) T /
adj, v
(2.1.8)

Fre e g (L g eln)

is (—1)"-commutative. The slant arrow is defined by canonically identifying the upper right
corner a"*0Y (— ® e;A) with a"'0)(— @ e]A). In particular, the diagram

F¢O; (2.1.6) e/v*
(2.1.38) T Tadj

Fpe 225 v (— @ eh)

is (—1)" -commutative.
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Proof. 1. By taking the adjoint, it suffices to show that the diagram

| d |(2'1‘7)E
0V*F'ajet ——=0"V*aV*Fe' —= 0"V*a"*0Y

(2'1'39) adjal %
ad aPl %} 1
is commutative. By the definition of (2.1.7) as the adjoint and by the isomorphism (2.1.5),

it is reduced to the commutative diagram

! |
eae —= ee

(2.1.40) adjal i

et ——1
where the arrows without labels are canonical isomorphisms.
For (2.1.36), it is enough to consider the case a = 0: X — F.
2. By taking the adjoint, it suffices to show that the diagram

2.1.8
a)a"*Fe* A0 0/(— ®@elA)

a’ F'a.e*
(2.1.41) T
2.

1.8) s
a/F'e™* 219y a0 (— ® ejA)

is (—1)"-commutative. Since every term is supported on the 0-section of EVY, it suffices
to show the (—1)"-commutativity after applying e’. Then by the projection formula, it
suffices to show the (—1)"-commutativity after evaluating the functors at A. Namely, it is
reduced to showing that the diagram

el Fla,Ag _4, elYa"*FAg
(2.1.42) T l(g‘l,g)E

(2.1.8) s
G?VF/AE/ efAE/

is (—1)"-commutative. Since the assertion is local on X, by the Kiinneth formula, we may
further assume that a: X = E — E' is the O-section. In this case, the (—1)" = (—1)"-
commutativity follows from Lemma 2.1.8.1.

For (2.1.38), it is enough to consider the case a = 0: X — E'. O
We deduce an analogue of Proposition 2.1.11 for d".

Proposition 2.1.12. Let a: E — E’ be a linear morphism of vector bundles on a noethe-
rian scheme X over k and aV: E"Y — E" be the dual. Let n = rank E/, n’ = rank E’ and
r=n-—n.

1. The diagram

F(a*0.(=) @ ¢'A) —Z aV F/(0L(=) @ " A) 20 gw v

(2143) resal /
71)’“adjav
(21.6)p |

F(0.(—) ®€'A) eV
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is commutative. The bottom horizontal arrow (2.1.6)g is the composition F(0,(—) ®

e'A) 219 eV (=) ® eV 0%e'A — eV (=) @ e"'A — €Y' and (2.1.6)p in the upper line is

defined similarly.
2. Assume that a is smooth. Then the diagram

FCL 0/ VFV()X2 1. G)E'ave/\/*

(2.1.44) adjaT /
r (2.1.6)

VE
!4>6\/*

18 commutative.
In [KWO00, Lemma 13.5], the diagram (2.1.43) is studied with an unspecified isomor-
phism.

Proof. 1. Applying the functor F(— ® e'A) to the diagram (2.1.35) for a": E"Y — EV, we
obtain a commutative diagram

2.1.7) grv.
—_—

F(FVay /vr( ) ® e!A) *d>F<CL*FIV€N!<—> ® e!AS F(a*0.(-) ® 6!A)

(2.1.45) adjavi /

F(FYe' (=) @ ¢'A) 2202 B, (=) @ e'A).

We consider the composition of this with (2.1.43) by identifying the slant arrow in (2.1.45)
and the left vertical arrow in (2.1.43). By Proposition 2.1.7, the composition F'(FVeY (—)®
e'A) — F(0,(—) ®e'A) — e" of the lower line is (—1)"iz. Hence by Proposition 2.1.11.1,
it sufﬁces to show that the composition of the upper line F(FVa/ eV (—=) @ e'A) — a¢/V!
is (—1)"ig. To prove this, we consider the diagram

F(FYae (=) © eA) —= Fla” FVe () @ ¢ 0) S22 F(a'0 (—) @ €A)

(2.1.46) El ldv ldv
aY eV T G F(FVeM (<) @ AT Y F(0L(=) @ ¢ A).

The upper line is the same as that of (2.1.45) and the right vertical arrow is the upper
left horizontal arrow in (2.1.43). By Proposition 2.1.7, the composition of the lower line
is (—1)"-times the upper right horizontal arrow in (2.1.43) labelled (2.1.6)g. The left
square is commutative by Corollary 2.1.10 and the right square is commutative by the
functoriality of d¥. Hence the composition of the upper lines in (2.1.45) and (2.1.43) is
(—1)"ip and the diagram (2.1.43) is commutative.

2. Applying the functor F'(— ® €'A) to the diagram (2.1.37) for a¥: E"Y — EV, we
obtain a (—1)"-commutative diagram

218E/\/

F(FYaYeV* (=) @ e'A) —%> F(a*FVe'V* (— )®€A§ —EF(a*0,(—) ® a'A)

(2.1.47) res, v T /
adj,
(2.1.8)gv

F(FVeV* (=) ® e'A) Fo..
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At the upper right corner and at the lower right corner, we identify a*(e*e|YA) @ e'A
with a'A and e*(efA) ® €'A with A respectively by the canonical isomorphisms. We
consider the composition of (2.1.47) with (2.1.44) by identifying the slant arrow in (2.1.47)
and the left vertical arrow in (2.1.44), similarly as in the proof of 1. By Proposition
2.1.7, the composition F(FVeV*(—=) ® ¢'A) — FO0, — e"* of the lower line is (—1)"igp.
Hence by Proposition 2.1.11.2; it suffices to show that the composition of the upper line
F(FVaYeV* (=) @ e'A) = aYe'V* is (—1)"ig. To prove this, we consider the diagram
2.1.8) v

F(FVaYeV (=) @ e'A) —%= F(a*F"VeV* (=) ® e!A)(*> F(a*0,(—) ® a'A)
(2.1.48) l-El idv ldv

i 2.1.8) piv
aleV* = alF'(FVeV*(—) ® e"A\) G189 a’F'0..

The left square is commutative by Corollary 2.1.10 and the right square is commutative
by the functoriality of d. By Proposition 2.1.7, the composition of the lower line is
(—1)"-times the upper right horizontal arrow in (2.1.44) labelled (2.1.6)z. Hence the
composition of the upper lines in (2.1.47) and (2.1.44) is (—1)"'i and the diagram (2.1.44)
is commutative. O

Let X — Y be a separated morphism of finite type of noetherian schemes over k£ and
E be a vector bundle on Y. Let b: E xy X — E and bV: EY xy X — EV be the base
change morphisms for £ and for the dual vector bundle. Let F'x and Fy denote the Fourier
transforms for £ xy X and F respectively. Then we have canonical isomorphisms

(2.1.49) Wy — Fyb,

by the proper base change theorem.

Let X be a smooth curve over a field k and 0 € X be a k-rational point. Let j: U =
X = {0} — X be the open immersion. We identify R'j,A(1) with Ag by the isomorphism

(2.1.51) Ay — RUjA(1)

defined by the image of a uniformizer by the boundary morphism j,G,, — R'j,A(1). Let
e: ' — X be a line bundle over X and e¢": Y — X be the dual. Let By = E xx 0
and By = EY xx 0 be the fibers. Let jp: E = Ey — E and jpv: EY = Ej — EY be
the base change. Let E) = Ey— {0} and EJ* = EJ — {0} be the complement of the
origin and let go: By — Ep and gy : Ej* — FEy be the open immersions. We identify
the non-trivial cohomology sheaf H'(e*j,Kyy) = e*R'j.A(1) at the top degree with Ag,
by the isomorphism (2.1.51). Define a subcomplex N' = Ny € D (E, A) of e*j. Ky on
E by replacing H ' (e*j.Ky) = e*R'j,A(1) = Ag, by the subsheaf gorApx. Here and
in the following, by abuse of notation, we identify a sheaf on a closed subscheme of E
with its direct image on E and similarly for EV. By the definition, we have a canonical
isomorphism

(2.1.52) 0*Ny = 0*e*H2(j. Ky)[2] — Kx.
Lemma 2.1.13. 1. We have a distinguished triangle
(2.1.53) Ny = €. Ky & gOgAEOx 1] = Ag,[1] — .
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2. Let +: 0Y(X)UE] — EY be the closed immersion of the union of the 0-section and
the fiber E. Then, there exists a unique morphism

(2.1.54) FyNy — + 4+ eV Kx

fitting in the commutative diagram

FuNy 250 4 evi Ry

(2.1.55) l ladj

(2.1.6)

FwO*KX eV*KX.

The left vertical arrow is induced by the adjoint of 0*Ny — Kx (2.1.52) and the right
vertical arrow is the adjunction morphism.

Proof. 1. We have a canonical morphism N, — €*7, Ky @ go/A B [1] by construction. The
morphisms of cohomology sheaves are isomorphisms except for degree —1. For degree —1,
the morphism is an injection and the cokernel is Ag,. Hence, we obtain (2.1.53).

2. By abuse of notation, we identify a sheaf on a closed subscheme of EY with its
direct image on EY. Applying the Fourier transform to (2.1.53), we obtain a distinguished
triangle

(2.1.56) FyuNy — 0Yj.A @ gl A — Ao(—1)[—1] — .

Hence FyN, is supported on the union + = 0Y(X) U £y and the composition FyNy —
Fy0.Kx — e"*Kx of the arrows in (2.1.55) via lower left induces FyNy — +1 +' e"*Kx
(2.1.54) making (2.1.55) commutative. O

Proposition 2.1.14. Leti: Ej — EY be the closed immersion and let Agv(xy — 0V'eV* Ky
and Agy — i'eV*Kx be the canonical isomorphisms defined by the cycle classes [0¥(X)]
and [EY]. Define + +' e"*Kx — 0Yj.A @ gJ.A to be that induced by the inverses of these
isomorphisms. Then, the diagram

FyNa B e Ky
(2.1.57) (2.1.53% J
. 2.1.8 2.1.12 .
Fyle*jKu ® gulpy[1]) S22 02 A @ gy, A

is (—1)-commutative and the morphism (2.1.54) is an isomorphism.

Proof. First, we show the (—1)-commutativity for the first component. It suffices to con-
sider the restriction on U = X = {0}, by adjunction. The restriction of ))A — Ny — 0, Kx
on U equals that of the composition of the adjoint 0,A — e*Kx and the restriction
e*Kx — 0,Kx. By Proposition 2.1.12.1, its Fourier transform is (—1)-times the com-
position of the restriction A — 0YA and the adjoint 0/A — e"*Kx. Since the adjoint
0/A — e¢"*Kx is defined by the cycle class [0¥(X)], the (—1)-commutativity for the first
component follows.

We show the (—1)-commutativity for the second component. Since the identification
A — R'j.A(1) (2.1.51) is defined by sending 1 to the class of a uniformizer ¢, its image
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by the boundary map R'j,A(1) — H3(X,A(1)) is the minus —[0] of the cycle class by
[SGA 43-Cycle, 2.1.3]. Thus, the (—1)-commutativity for the second component follows.
We show that (2.1.54) is an isomorphism. By cohomological purity, +; +' e"*Kx fits
in a distinguished triangle +, +' e"* Ky — 0Yj.A @ gf,A — Ao(—1)[-1] —. The lower
horizontal arrow is an isomorphism by Corollary 2.1.5. Since the diagram (2.1.57) is (—1)-
commutative, by comparing this with (2.1.56), we see that (2.1.54) is an isomorphism. [J
By purity, the A-module Hgv( X)UEY (EY,eY*Ky) is free of rank 2 generated by the cycle
classes [0V (X)] and [E{].
Corollary 2.1.15. Let I denote the inertia group at 0 € Ej.
1. We have a distinguished triangle

(2.1.58) 0Ny = G AST(I,A)g — H' (I, A)o[-1] — .

The last two terms are placed at 0 € EgN0O(X) C E.

2. Let A — 0'N, be a morphism and let A — FyNy — +'eV*Kx be the composition
of the Fourier transform of its adjoint O0A — Ny and (2.1.54). If the composition A —
O'Ny — A @ T(I,N)o with the first arrow in (2.1.58) maps 1 € A to (a,b) € A &
HO(I,A), then the composition A — +'e"*Kx defines an element —al0¥(X)] — b|Ey] €
Hgv(X)UEOv(EV,eV*KX).

Proof. 1. For terms in (2.1.53), we have canonical isomorphisms 0'¢*j, Kiy — j. A, O!gO!Aon —
[(I,A)o[—1] and 0'Ag, — H* (I, A)g[—2]. Hence (2.1.53) induces (2.1.58).

2. Let gy : By = {0} — Ej be the open immersion to the fiber at 0. Then the Fourier
transform of the first arrow in (2.1.58) defines the upper line in the commutative diagram

Fy 0Ny ——  Ey(hA@T(LA)) 2% evei A @ e I(I,A)g

(2.1.59) l l l
F¢NA — FI/,(G*‘?’*K'UEBQO!AES< [1]) — OX]*AEBQB/*A

The lower line is (2.1.57) via lower left. Thus the assertion follows from the (—1)-
commutativity of (2.1.57). O

Proposition 2.1.16. Let X and X' be noetherian schemes over k. Let e : E — X and
e E' — X' be vector bundles. For F € Dys(E,\) and G € D(E', N), there is a natural
1somorphism

(2.1.60) Fypxp/xxx/ (F ®G) 2 Fy pyx (F) B Fypryxo (9).

Proof. We have natural isomorphisms

(2.1.61) (EXE")Xxyxx/ (EXE")Y ~ (EXE)Xxxx/(EVXxE") ~ (ExxEV)x(E'xx/E"").
Consider the following commutative diagram

(Ex E') Xxxx' (Ex E")Y —== (Exx EY) x (E' xx: E")
(2.1.62) <,>EXE¢ l(<’>E’<’>E/)

Al « — Al x AL
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Since add"Ly, = L4 X L, we obtain an isomorphism
(2.1.63) Ly(( ) 2= Ly((5 ) ) BLy(C ) pr)-
Now (2.1.60) is the following composition of isomorphisms

Fw,ExE’/XxX’(-F X g)

= (prEVxE’V)!<pr*E><E’(‘F X g) ® Ew((w '>E><E’))
(2.1.63)

(2.1.64) =~ (prpv X prpm ((preF BprpG) @ (Ly((-)p) W Ly((, ) p)))

b (01 F © Lo(()6)) B (015G © L () e))

~ Fypyx (F) W Fy pyxi(9),
where (1) is an isomorphism by the Kiinneth formula. O

Corollary 2.1.17 ([Lau87, proof of Proposition 1.2.2.7]). Let X be a noetherian scheme
over k. Lete: E — X and ¢ : E' — X be vector bundles. For F € Dy (E,\) and
G € Dus(E', A), there is a natural isomorphism

(2.1.65) Fypxxpx(FRx G) ~ Fyp/x(F) Bx Fypyx(G).

Proof. Let i : EXx E' — E x E' and iV : EY xx E"Y — EV x E"Y be inclusions. By the
isomorphism (2.1.50) and Proposition 2.1.16, we have natural isomorphisms

Fypxxpx(FXx G) ~ Fy puyp/x(i"(FRG))
(2.1.50)

~ 0 Fy pxpxxx(FRG)

(2.1.60) .\,

~ i (Fyp/x (F) B Fy pryx(G))
~ Fw,E/X(]:) IEX FwE//X(g).

(2.1.66)

]

Corollary 2.1.18 ([Lau87, Proposition 1.2.2.7]). Let e : E — X be a vector bundle, and
let

(2.1.67) add: Exx E— F

be the addition morphism. For F,G € Dut(E, A), we have a natural isomorphism
(2.1.68) Fyp/x(addy(F Wx G)) ~ Fyp/x (F) @ Fyp/x(9).-

Proof. The dual morphism

(2.1.69) addY =0, : BV — EY xx EY

is the diagonal morphism of ¢ : EY — X. By Proposition 2.1.9 and Corollary 2.1.17, we
have the following natural isomorphisms
FwE/X(add](F &X g)) ~ 5vaw,E><XE/X<JT_‘ &X g)
(2.1.70) ~ Ogv (Fy,p/x (F) Bx Fyp/x(9))
~ Fyp/x(F) ® Fyp/x(9).
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Definition 2.1.19. Let X be a noetherian scheme over k. Lete: EF — X andw: W — X
be vector bundles. Let §: W — E be a linear morphism of vector bundles over X. Let
addg be the addition map

(2171) addE Exxy E— E7 (Ul,’Ug) — U1 + V9.
The morphism ( induces an action a of W on E:
(2172) a = addg o (ﬁ X ldE) W xxy EF— FE, (g,’l)) — 6(6) + 0.

Write prp = w xidg : W xx E— FE for the projection. For K € D¢ (E, A), a W-invariant
structure on K is an isomorphism

(2.1.73) K ~ prpK.

If  admits a W-invariant structure, then we say that I is W-invariant.

Remark 2.1.20. If the isomorphism (2.1.73) satisfies the usual cocycle condition, then
IC is W-equivariant. We do not need this stronger condition.

Proposition 2.1.21. We use the notation of Definition 2.1.19. Assume KC € Dy (E, A)
is W-invariant. Consider the dual morphism

(2.1.74) BY BV — WY,

and its kernel ker(8Y) C EY. Then we have

(2.1.75) supp(Fy,/xK) C ker(8").
Proof. Consider the dual morphisms

(2.1.76) o = (8" x idpv) 0 8w = (8”,idpv) : BV — WY xx EY,
(2177) pré = (va,idEv) BV WY Xx EV,

where Oyv : EY — WY is the zero morphism. Note that o and pry are smooth of the
same relative dimension. By Poincaré duality and (2.1.73), we have an isomorphism

(2.1.78) o' K ~ priyK.

Then by (2.1.29), we obtain a natural isomorphism

Taking the supports of both sides of (2.1.79), we obtain
(2.1.80) (8Y,id) (supp Fy g/x (K)) = (Owv,id) (supp Fy g/ x (K)).

By taking the first projection, we obtain SV (Supp Fwa/X(IC)) C Owv. This implies
(2.1.75). O

Lemma 2.1.22. With the notation of Definition 2.1.19, for F € D.s(W,A) and G €
D:(E,N), we have a natural isomorphism

(2.1.81) Fy p/x(Rou(priF @ pr3G)) ~ B Fyw/x(F) ® Fy g/x(G).
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Proof. Consider the commutative diagram
W xx E s W

(2.1.82) / lﬁxid lg

B Exx B = F,

where the right square is cartesian. By Corollary 2.1.18 and Proposition 2.1.9, we have

Fypyx(o(FRG)) = Fy gyx(addpm (8 x id) (FRG))
~ F¢,E/X(addE!(B!]: X g))
2.1.83 o
( ) el Fyp/x(BF) @ Fyp/x(G)

(2.124)
B Fyw/x(F) ® Fyp/x(G).

I

2.2 Deformation to normal bundle

First, we study dilatations of schemes smooth over an affine line A' = Spec k[u].

Definition 2.2.1. Let k be a field and let Z — X be a closed immersion of schemes
smooth over the affine line A'. Let {0} C A' = Spec k[u] be the closed subscheme defined
by the ideal (u) and define closed subschemes Zy = Z x a1 {0} € Xy = X x1 {0} C X.
Let D;X — X be the blow-up at Z, C X and define the dilatation DX C D,X to be
the open subscheme obtained by removing the proper transform of Xy, C X.

If X = Spec A is affine and Z C X is defined by an ideal I C A, then u is a non-zero
divisor in A and D, X = Spec A[I /u] for the subring A[l/u] C A[l/u].

Lemma 2.2.2. 1. The immersion Z — X is lifted uniquely to Z — DzX.

2. The closed fiber Dz X xa1 {0} is canonically identified with the normal bundle
Ty, Xo.

3. The scheme Dz X is smooth over A'.

Proof. 1. Since Zy C Z is a Cartier divisor, the assertion follows from the universality of
dilatations.

2. The exceptional divisor of the blow-up D;X — X is canonically identified with the
projective space bundle P (T, X). Since T, X = T, Xo® A}, the intersection P (T, X)N
D, X is identified with 17, X.

3. We may assume that X = Spec A and that Z C X is defined by an ideal I C A.
Then DzX = Spec A[I/u] for the subring A[I/u] C A[l/u] and is flat over A'. Since

DzX xa1 0 =Ty Xy is smooth over k, Dz X is smooth over A'l. O
Let
7 — X
(2.2.1) l l
W — Y



be a commutative diagram of smooth schemes over A! such that the horizontal arrows are
closed immersions. Then, we have a canonical morphism Dz X — Dy Y. We say that the
diagram (2.2.1) is transversal if it is cartesian and if the morphism Ox ®§ Oy — Oy is
an isomorphism. Further if the diagram (2.2.1) is transversal, then the diagram

Dz X — X

(2.2.2) l l

DyY —— Y

1S cartesian.

Lemma 2.2.3. Let

J —— X

(2.2.3) l l

W ——Y

be a commutative diagram of smooth schemes over A' such that the horizontal arrows are
closed immersions.

1. Assume that X — Y is a closed immersion and that the diagram (2.2.3) is cartesian.
Then the morphism Dz X — DwY s a closed immersion.

2. Assume that X —Y and Z — W are smooth. Then the morphism DzX — DyY
18 smooth.

Proof. 1. We may assume that Y = Spec B and X = Spec A are affine and Z C X and
W C Y are defined by ideals I C A and J C B. By the assumption that the diagram
(2.2.3) is cartesian, the surjection B — A induces a surjection J — I. Hence the induced
morphism B[.J/u] — A[I/u] is a surjection.

2. By the assumption that X — Y is smooth, the base change of the morphism
D;X — DwY by G,, — A! is smooth. Further by the assumption that Z — W is
smooth, the morphism 7%, Xy — Tw,Yp is smooth. Hence the morphism Dz X — DyY
of smooth schemes over A' is smooth. O]

We apply the construction above to define the deformation to normal bundle.

Definition 2.2.4. Let k£ be a field and let i: Z — X be a closed immersion of smooth
schemes over k. We define the deformation AzX to the normal bundle 7> X to be the
dilatation Dy, a1(X x A') for the closed immersion Z x A — X x A! of smooth schemes
over the affine line A' = Spec k[u].

More explicitly, if the closed immersion ¢ is defined by the coherent ideal sheaf I C Oy,
then

(2.2.4) Az X = Specy(Rrjoy),

where R0, is the extended Rees algebra

(2.2.5) Rijox = Ox[u, Iu™"] = @ I"u™™ C Ox[u,u™],

meZ

with the convention that I"™ = Ox for m < 0.
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By Lemma 2.2.2.3, the element u defines a smooth morphism
(2.2.6) AzX — Al

which fits in a cartesian diagram

TZX—>A2X<—XXGm

(2.2.7) l l l

0 — Al «—— G,
Together with the natural projection Az X — X, the morphism (2.2.6) gives
(228) Tz/X - AzX — X X Al.

We consider the diagonal immersion 6: Ay = X — X x X. Then, the normal bundle
Tx(X x X) is the tangent bundle T'X. Hence, we have a cartesian diagram

TX — Ax(X X X) +— X x X x G,

(2.2.9) l l l

0 —— Al — G,,.
Lemma 2.2.5. Let
7t X
(2.2.10) lg lf
w % Y

be a commutative diagram of smooth schemes such that the horizontal arrows are closed
1MMErsions.
1. There is a natural morphism

which fits into a commutative diagram

AzX Ag—(f)> Awy
(2.2.12) lmx lWW/Y

X x Al 9y Al

2. If f and g are smooth, then A,(f) is smooth. In particular, if f is smooth, then
the morphism Ax(X x X) — Ay (Y xY) is smooth.

3. If f and g are closed immersions and if (2.2.10) is cartesian, then A,(f) is a closed
immersion. In particular, if f is a closed immersion, then the morphism Ax(X x X) —
Ay (Y xY) is a closed immersion.

4. If (2.2.10) is transversal, i.e., it is cartesian and Oz ~ Ox @§_ Ow, then (2.2.12)
18 cartesian.
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Proof. Consider the diagram

Zx A — X x Al

(2.2.13) l l

Wx Al —— Y x AL

The assertions follow by applying (2.2.2) and Lemma 2.2.3 to this diagram. O

Consider the diagram (2.2.10). Its induced morphism A,(f) in (2.2.11) is defined over
A'. Over G,,, the morphism (2.2.11) is identified with f x id: X X G, = Y X Gy;:

Az<X> XAl Gm M) Aw(Y> XAl Gm

(2.2.14) H H

fxid

X x G, > Y x G,,.

On the special fiber, the morphism (2.2.11) is the natural map 77X — TwY between
normal bundles:

xid

Ag(X) % ar {0V 229G A (V) x a1 {0}
(2.2.15) H H

Ty f

T, X > TWy

Remark 2.2.6. Let ¢ : Z < X be a closed immersion between smooth schemes. The
structure morphism 7,y : Az(X) — X x A’ can be described by the following diagram:

A;(id
Az(X) 2 A(X)
(2216) 7rZ/Xl :lﬂ'X/X
X x Al =——= X x Al

Proposition 2.2.7. Leti: Z — X and j: W — Y be closed immersions between smooth
schemes over k. We have a cartesian diagram

Azew (X xXY) ——= Ay(X)

(2.2.17) l l
Ay (Y) Al

Proof. We work locally on X and on Y, and then we may assume that X = Spec(A) and
Y = Spec(B) are affine. Let I C A be the ideal defining Z in X, and let J C B be the
ideal defining W in Y. Then

(2.2.18) K=I1@,B+A®J
is the ideal defining Z x W in X x Y. It suffices to prove that

(2.2.19) Ri/ae.B = Rija Qr) Ry/B-
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By definition, both sides of (2.2.19) are subrings of
(2.2.20) A @y Blu,u™] >~ Afu,u™"] @y Blu, u™]
generated by A ®; Blu], (I ® B)u™' and (A ®; J)u™'. O

Corollary 2.2.8. Let j: Z — X and 1 : X — Y be closed immersions between smooth
schemes, and let f : Y — X be a smooth morphism such that foi =id. Then the following
diagram 1is cartesian:

A
(2.2.21) J/Aj(id) l”Z/X
id)om
Ax(y) LODomay e AT

Proof. Since the formation of deformation spaces is compatible with étale base change, we
may work étale locally on X and Y. Using the smoothness of f together with the section
i, we may therefore reduce to the following case by [Full, Theorem 2.5.8]

(2.2.22) X=Xx{wyoy=xXxwIPxyx

where W is a smooth scheme over £ and w € W is a k-rational point. By Proposition
2.2.7, we obtain cartesian diagrams

Az(Y) = AZX{w}(X X W) HA{UJ}(W) <714)0({11}}()( X W) = Ax(Y)

(2.2.23) | l |

Az(X) Al Ax(X) =X x A!

and the assertion follows. O]

The following construction will be used to define an invariant structure on specializa-
tion.

Construction 2.2.9. Let f : X — Y be a smooth morphism, and let ¢ : Z — X be a
regular immersion between smooth k-schemes. Let d; : X — X Xy X be the diagonal
morphism. Applying Corollary 2.2.8 to the following diagram

i dy Pry o
s X— X xy X —> X

(2.2.24) \ )i(prf,l if

f

we obtain a cartesian diagram

Ai Trq
A (X xy X) 2@y 4 ox
(2.2.25) lAi(id) lﬁz/x
Ax(X xy X) -5 X x Al
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where 75, = (pr;; X id) o Tx/xx,x. The second projection pry, : X Xy X — X induces
the following action:

(2.2.26)

- (Ai(id),Asa(prs 1))
azx)y  Ax (X Xy X) Xxxar Az(X) < —

~

Pry o

La®rr2 4 (x),

Az(X Xy X)

Unwinding the definitions, on the generic fiber, (2.2.26) is given by
(2.2.27) pro: X Xy X — X,

whereas on the special fiber, (2.2.26) induces an action

(2.2.28) az)x)y - T(X/Y)|z xz Tz X =T(X)Y) xx Tz X — Tz X.

Similarly, the morphism induced by pr;; is the projection onto the Az(X)-factor:
(2.2.29)

(A;(id),Aia(pry,1))
prAZ(X):AX(X XyX) X xxAl Az<X)\ o

1d prf 1

Az<X Xy X) Az( )

~

On the generic fiber, the morphism (2.2.29) is given by

(2.2.30) pry;: X xy X = X.

On the special fiber, (2.2.29) is the projection

(2.2.31) P, T(X/Y)|z %2 TzX = T(X/Y) xx Ty X — Tz X,

where T'(X/Y') is the relative tangent bundle of X — Y and is isomorphic to the normal
bundle of 67 : X — X xy X.

2.3 The specialization functor

We briefly recall the definition and functorialities of the nearby cycles functor. Let Og
be a henselian discrete valuation ring. Let S™ = Spec Oguw be the maximal unramified
extension of S = Spec Ok. Let s,n € S be the closed point and the generic point. Let
5 € S be the closed point and 7 = Spec Ky, — S™ be a geometric point above 7. Let
A be a finite ring and assume that the cardinality is invertible in Og. For a scheme X of
finite type over S, let

ur J J o
s — X x5S X, X,

(2.3.1) l l l l

Sur y ,,7] ,',]

be a cartesian diagram. Let D(X, xn, A) be the derived category of constructible sheaves
on X5 with continuous action of Gal(7/n) compatible with the action on X; as in [Del73,
Exposé XIII, Construction 1.2.4 (b)]. Then the nearby cycles functor

(2.3.2) U DX, A) — DX, x,n,A)

is defined by ¥ = i*j,5*. Its composition D%(X,A) — D2(X, x,n,A) with the pull-back
is also denoted by V.
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Let f: X — Y be a morphism of schemes separated of finite type over S. Then the
base change morphisms define morphisms of functors

(233) (o'N fS*\IJY — \Ijxf;,
(234) \IIYf'q* — fs*\lea
(235) v fs!lI]X — \Ifyfny.

The morphisms (2.3.3) and (2.3.4) are adjoint to each other. If f is proper, (2.3.4) and
(2.3.5) are isomorphisms inverse to each other by the proper base change theorem. If f
is smooth, (2.3.3) is an isomorphism by the smooth base change theorem. A canonical
morphism

(2.3.6) B:Uxf, — fUy

is defined as the adjoint of (2.3.5).
Let us describe av and S more explicitly. Consider the cartesian diagram

ix Jix Jix
Xy X5 X xg 8" « X, y X,

(2.3.7) A |7 [ |7

iy Jy Jy
Y = Y xg S Y, y Y,

Let G € Dey(Yy, A). The map a(G) : fi¥y(G) — Vx(f;G) is obtained by restricting the
base change map

(2.3.8) FivedvG = jx-fiiv G
to the special fiber. The map 8(G) : \IIX(f%Q) — f1Uy(G) is adjoint to

(129 Uy (ey.6)
(2:3.9) Fa¥x(10) == Uy (fnfyG) =
where ey, 1= ¢y, g f,,,f;g — @G is the counit.
The morphisms « (2.3.3) and v (2.3.5) are compatible with the isomorphism of pro-
jection formula as follows.

Uy (9),

Lemma 2.3.1. Let f: X — Y be a morphism of separated schemes of finite type over
S = SpecOk. Let F € Deyi(X,, A) and G € Doy (Y, ). Then the diagram

FaUx (F) @ Uy (G) 2% fu(Ux(F) @ f2Uy(G))

Y(F)®1|(2.3.5) (2.3.3) | far(1®(9))
Uy (fnF) @ Uy (G) fa(Wx(F) @ Ux(f,9))
(2.3.10) . m
Uy (fuF ®G) faVx(F® frG)
Uy (PFy,) |~ (2.3.5) [V(FRF1G)
Uy (f(F ® £,G)) ==Yy (fp(F ® £,G))

1s commutative, where m is the canonical tensor map for the nearby cycles functor, and
PFy, and PFy, are the isomorphisms defined by the projection formula for the morphisms
fs and f, respectively.
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Proof. We denote the counits j%jx. — id and j; jy. — id both by e. Let a: f*jy, —»
Jxx J5 be the base change morphism, which is adjoint to

fre

(2.3.11) It ve = fydvive = ;.
Let c: fx}x* — Jy«fmq be the morphism adjoint to

=% 7= BC —x = fa
(2.3.12) be gy fixe — fadxix- 5 far

For j = jx or jy, let u: j,A® j.B — j.(A® B) be the canonical tensor morphism, which
is adjoint to

(2.3.13) PFG.A®B) ~jA® 5B 5 A B.
By the definitions of a and u, we have commutative diagrams

fﬁ]Y]Y*%'fﬁ Jx(xsA® jxB) = j%jx«(A® B)

(2.3.14) ~i T . l

IS Ive === xixf5 JxIx«A® jxjx.B A® B.

Jxa e®e

Let 7/ = Flx, and G’ = Gly,. Recall that Ux(F) = t5jx.F', Uy (G) = i} jy.G’
and Eg}ﬁ ~ fai%. Under these identifications, (2.3.10) is obtained by applying i} to the
diagram (2.3.15) below, using the compatibility of the projection formula with restriction
to closed subschemes. Thus, it suffices to prove that the following diagram commutes.

FixiF @ jyG —— fi(jx T © fjy.G')

@1 fi(1®a)
TP @ s’ F (' © xf2G))
(2.3.15) " Fi
Joa(faF ©G) Fix.(F ® £;0)
Jy«(PF) ¢
rda (F 0 £30) ——— Jruf(F'® £;0),

By the adjunction j3 = jy., it suffices to show that the two composites in (2.3.15) have
the same adjoint.

By the definitions of ¢ and p, the adjoint of the composite along the left-hand path is
j)*/ (f!jX*F/ @ jY*g,) = 33*/f'jX*JT_‘/ & j)*/jY*g/

(2.3.16)
P faF © G s fu(F @ f1G).
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By (2.3.14), the adjoint of the composite along the top and right-hand edges is

v (fiaF @ vsG) = Jy h(ix.F ® [Fjy.G')

(2.3.17) ~ fa (FxixF' @ fiiviv.G')

Ta(e®f7e

M fﬁ!(]:/ ®f;g/)‘
By the compatibility of the projection formula with restriction to open subschemes, this
composite coincides with the composite in (2.3.16). O

We recall a canonical construction (cf. [Sail7a, (8.3)]). Let f: X — Y be a separated
morphism of schemes, and let F,G € D¢(Y,A). We have a relative purity morphism

(2.3.18) cr=crrg: [FFRfG— f(F®0),
which is obtained by adjunction from the following composition

(2.3.19) MPFR G ~Fo hf'¢— F®gG.

By the definition of ¢f 7 g, we have a commutative diagram

AFFefg) L25% [ f(Feg)
(2.3.20) ppflg lw@g

1
Feoffe —% Fweg,

where PF; is the isomorphism defined by the projection formula for the morphism f. We

put ¢;r := cyra. We say that f is F-transversal if ¢; 7 is an isomorphism (cf. [SailT7a,

Definition 8.5]).

Lemma 2.3.2. Let f: X — Y be a morphism of separated schemes of finite type over
S = SpecOk. For any F € Dys(Y,,A) and G € Doy (Yy, A), we have a commutative
diagram in Dey(Xs X5 1, )

Ux(cfy,)

Ux(f3F) © Ux(f,G) —"—— Ux(f;F @ f,) Ux(fy(F@3))
a(F)@lT(ZS.B)

(2.3.21) Uy (F) ®q;X(f7!7g) (2.3.6) | B(FRG)
1®/3(9)l(2-3-6)

fim

frUy(F) @ flUy(G) —L— fHUy(F) @ Ty (G) —— fily(F®Q)

where m is the canonical tensor map for the nearby cycles functor.

Proof. We show the following equality
(2.3.22) B(F®G)oVUx(cy,)omo (a(F)®1) = fimocy, o(1® B(G))

by comparing the adjoints under fy - f'.

31



To compute the adjoint of the left hand side, we consider the diagram

(2.3.23)
Fa (£ (F) @ Ux (£ O] Uy (£2F) @ Ux(£16))
fstm
pry, |~ fax(fF @ £16) L u (£ 9 6))
3) T Forhe (1) l”f,’y(mg)
! ! Uy (fncsy) !
Uy (F) @ falx(f16) Uy (fp(f1F ® [1G)) ——L Wy (S0 fA(F © G))
1716 Uy (PFy,) |~ (2) l\lly(afn)
| . Ty (1®ey,)
Uy (F) @ Uy (fnf16) Uy (F @ fuf.G) Uy (F&G).

The composition of the right column is the adjoint of S(F ® G) by (2.3.9). Hence the
adjoint of the left hand side 3(F ® G) o Wx(cy,) omo (a(F) ® 1) of the equality (2.3.22)
equals the composition via upper right. By naturality of the morphism 7 (2.3.5) and the
commutative diagram (2.3.20), the squares (1) and (2) are commutative respectively. By
Lemma 2.3.1 applied to the morphism f, fr']Q € Dy (X, A) and F € De(Y,), A), the left
rectangle (3) is commutative. Thus the diagram (2.3.23) is commutative and the adjoint
of the left side of the equality (2.3.22) equals the composition via the lower left.
To compute the adjoint of the right hand side, we consider the diagram

(2.3.24)
Fa( £ 0y (F) @ Ux (LGN 2000 (100 (F) @ £104(9) 22 fo (3 (F) @ Uy (G))

PFfsl lPFfS l%

Uy (F) @ faUx(£16) ~LPOL Wy (F) @ fufUv(G) — L= Wy (F) @ Uy ()
1®'7f7!]gl 1®‘I’Y(€fn) lm
| ' \I/y(1®8fn)
Uy (F) @ Uy (f frG) Uy (F @ ff;9) Uy (F®G).

The adjoint of the right hand side fimocy, o(1® 8(G)) of the equality (2.3.22) equals the
composition through the upper right. By (2.3.20), the upper right square is commutative.
By the functoriality of the isomorphism of projection formula, the upper left square is
commutative. By naturality of the tensor map and its compatibility with the unit, the
lower triangle is commutative. The definition of 5(G) as the adjoint of (2.3.9) implies that
the upper triangle (without Wy (F)) is commutative. Thus the diagram (2.3.24) is com-
mutative and the adjoint of the right side of the equality (2.3.22) equals the composition
via the lower left. Thus, we get the equality (2.3.22). O

We recall the definition of monodromic sheaves from [Ver83, Définition 3.1].

Definition 2.3.3. Let X be a noetherian scheme over a field k and £ be a vector bundle
over X. For a geometric point x of E, define a morphism w,: Gy, — E by w,(t) =1t - z.

We say that F € D2(FE,A) is monodromic if for every geometric point z of E and
for every integer ¢ € Z, the cohomology sheaf H?(w}F) on G, , is locally constant and
tamely ramified along 0, co.
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We study a property of a locally constant sheaf on G,, tamely ramified along 0, cc.
Recall that £ is a field of characteristic p > 0 and A is a finite ring such that the cardinality
is invertible in k.

Lemma 2.3.4. Let M be a locally constant constructible sheaf on G,, = Speck[z*]
tamely ramified along 0,00 € P and let j: G,, — A be the open immersion. Let k be a
separable closure of k.

L. The canonical morphism I'(G,, 7, M) — (j.M)g is an isomorphism.

2. FC(A%, J+M) =0.

Proof. 1. Let I§ be the tame inertia group at 0 and let M be the stalk of M at the
generic geometric point of G,,. Then, the canonical morphism I5 — (G, ,7)" to the
tame fundamental group is an isomorphism and we obtain a commutative diagram

F(Gm’g, ./\/l) — j*./\/lﬁ

(2.3.25) | |

I'(m(G,, 7)) M) —— T(I§, M)

m,k

of isomorphisms.

2. Let joo: A! — P! be the open immersion. Then, we have a distinguished triangle
Te(AL juM) = T(PL joorfsM) = joosjsM|ss —. The second morphism is identified
with I'(G,, 7, M) — JooxjxM|s and is an isomorphism similarly as in 1. Hence we have
T(AL M) = 0. O

We recall the definition of the specialization functor from [Ver83]. Let i: Z — X be a
closed immersion of smooth schemes over a field k. We consider the cartesian diagram

T; X —— AzX +— X x G,
(2.3.26) l l l
0 — Al «—— G,

Let 1y be the generic point of the henselization of A! at 0, and let k£ be a separable
closure of k. Let U be the nearby cycles functor with respect to the middle vertical arrow
in (2.3.26) at 0 € A! and let p;: X x G,, — X denote the projection. We define the
specialization functor

(2.3.27) vi =vz/x: DYX,A) = DTz X Xy no, A)

by vz/x = Wopj. We adopt the following convention throughout the paper.

Convention 2.3.5. For a morphism r : U — V of schemes over k, we also write r for the
induced morphism of topoi

(2.3.28) r:U Xing — V X 1.
For F € DU, A), we also denote by F its pull-back along the canonical projection

U xjno — U. Tts underlying object in D2(Uy, A) is F|y,, equipped with the semilinear
G,-action induced by its natural G-action via the quotient G, — Gjy,.
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Lemma 2.3.6. Consider a cartesian diagram of smooth k-schemes
7 —— X
(2.3.29) ¢ |s
w1y,
where 1 and 7 are closed immersions. Let p : T, X — Z be the projection map, and let

F € D5 X,A). Assume that f and g are smooth and that f is universally locally acyclic
relatively to F. Then there is a canonical isomorphism

(2.3.30) vy x(F)~=pi*F  in DYTzX xino,A),
where the right-hand side is interpreted according to Convention 2.3.5.

Proof. By Lemma 2.2.5, we have a cartesian diagram

Ag(f
Az(X) 245 A (v)

(2.3.31) l l

X —71 v

Then Ay(f) is universally locally acyclic with respect to F|a,(x). Since Ay (Y) — Al is
smooth, it follows from [SGA 41-TF, Th. finitude, Lemme 2.14] (see also [I1177, Corollaire
2.7]) that the morphism

(2.3.32) A(X) 29 A (v) = A
is universally locally acyclic with respect to F|4,(x). Applying the nearby cycles functor
yields a natural isomorphism vz, x (F) ~ F|r,x =~ p*i*F. O
Let
Z — X
(2.3.33) gl lf
W —— Y

be a commutative diagram of smooth schemes over k such that the horizontal arrows are
closed immersions. Then, we have a commutative diagram

T, X —— AzX +— X x G,
(2.3.34) Tfl Af:Ag<f>l l

TwY —— AyY +— Y x G,
and the morphisms (2.3.3), (2.3.4), (2.3.5), (2.3.6) define morphisms
2.3.35 o T;VW/Y — vy xf,

( )
(2336) VW/Yf* — Tf*VZ/X7
(2.3.37) v: Trvzix — vy i,
( )

2.3.38 BZ VZ/X.f! — T}Vw/y.
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Proposition 2.3.7. Let i: Z — X be a closed immersion of smooth schemes over k and
F e DX, A).

1 ([Ver83, Section 8 (SP1)]). The specialization vz xF on Tz X is monodromic.

2 (cf. [Ver83, Section 8 (SP5)]). The morphisms 0*vyzxF — ©*F (2.3.35) and i'F —
0'vz/xF (2.3.38) for the immersion AzZ = Z x A' = Az X are isomorphisms.

Proof. 2. The first isomorphism is [Ver83, Section 8 (SP5)]. The following proof of the
second isomorphism is similar to the proof for the first isomorphism loc. cit. It suffices
to show that O!VZ/X]—" = 0 assuming that i'F = 0. Let j: U = X = Z — X be the open
immersion of the complement. Then, the assumption i'F = 0 means that the canonical
morphism F — j,7*F is an isomorphism. By blow-up, we may assume that Z C X is a
Cartier divisor of X and that there exists a cartesian diagram

J —— X

Lo

0 —— Al

where the vertical arrows are smooth. We prove the assertion by induction on the dimen-
sion d of the support of F. If d = 0, then F = 0 on a neighborhood of Z and the assertion
holds. Assume d = 1.

First, we show O!Vz/ xJF = 0 generically on Z. By replacing X by an open neighborhood
of the generic point of Z, we may assume that j*F is locally constant. By further replacing
X by a finite scheme over X and shrinking X and using the isomorphism (2.3.36) for finite
morphisms, we may assume that the cohomology sheaves of j*F are constant and further
J*F = HY*F[0]. Let j1: U x G,,, - AzX = AzZ be the open immersion. Then, since
AzX = AzZ — Al is smooth, the direct image R°ji,prij*F is a constant sheaf. Let
Jo: Az X = AzZ — AzX be the open immersion and let joo: 77X = Z — Tz X be its
restriction on the closed fiber. Further, since Az X and Az Z are smooth over A!, we have
vz xF = (JaxR%j1.pr5* F)ryx = Jo,0x((R%j1pr5* F) |1, x - 2). Thus we have 0'vy/x F =0
generically on Z.

We show OIVZ/X]-" = 0 on the whole Z. Since the assertion is local on X, we may take
an étale morphism X — A" such that Z C X is the inverse image of A»~! C A" By
considering the normalization of A™ in X and the compatibility with finite direct image, we
may assume Z = A" C X = A". Since the support of O!VZ/X]-" is of dimension < n —1,
there exists a linear projection X = A" — X’ = A" ! such that Z = A" ! — 7/ = A2
is finite on the support S of O’I/Z/X]-". Let X =X'xP' 5 X' andg: Z=2" xP' = 7'
be projective completions and let F = jx,F for the open immersion jx: X — X. Then,
we have 0'vg/xF = (0!77/7?”2 and §: Z — Z' is finite on the union S U (Z = Z)
containing the support of 0'v5 /yf. By the induction hypothesis and the compatibility
with finite direct images, we have g,0'v5 /y]_-" = 0 and hence 0'v /yf = 0. Thus, we obtain
0!1/2/)(; =0. O

Let i : Z — X be a closed immersion of smooth schemes. We denote by
(2.3.39) 0: 7 —=TzX
the zero section. Consider the map

(2.3.40) = A(i): Az(Z) = Z x At — Az(X).
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Let S be the strict henselization of A at 0 and let 5 and 7 be the closed point and a
geometric generic point of S respectively. The morphism ¢ = A;q(7) gives the diagram

Z, Iy ZxS§ E- 7,

(2.3.41) ol l; l

Ty Xs =X Ay(X)s <2 X,

Here jx and j; are the geometric generic fiber maps.
_ Let F € De(X,A) and G € Dei(Z,A). Applying (2.3.35), and (2.3.38) to the map
i = Aja(i), we get natural morphisms

(2.3.35 (2.3.38)

(2.3.42) a(F): Cvgyx(F) 2% v F p(F): i F B2 0y (),

which are isomorphisms by Proposition 2.3.7. Also by applying (2.3.37), we get an iso-
morphism

(2.3.43) Y(G) : 0G = vz x(1G).
Taking F = A, we get isomorphisms
(2.3.44) A2 0 (M) = O'A.

Proposition 2.3.8. Let i : Z — X be a closed immersion of smooth k-schemes, and let
F € Dut(X,A) and G € Dee(X,A). Let ng be the generic point of the henselization of A
at 0, and write 0 : Z — Tz X for the zero section. Using the notation of Convention 2.3.5,
we have a commutative diagram in Dey(Z X no, A)

(2.3.45)
FF©iG Ci,F,G > i!(]:® g)
Oé}‘@l]\ﬁ
O*VZ/X(.F) &® i!g ~|Breg

le@ﬁg

0*vz/x (F) @ 0'vz)x(G) —— 0'(vz/x(F) @ vz/x(G)) _Om 0'vzx(F ®G),

where m s the canonical tensor map for the nearby cycles functor.
In particular, setting G = A, we obtain that the morphism i is F-transversal if and
only if 0 is vz x (F)-transversal.

Proof. This follows from Lemma 2.3.2, applied to the morphism ¢ = Ay(i) : Az(Z) =
7 x Al — Az(X) U]

Now we construct an invariant structure on specializations.

Lemma 2.3.9. Let f : X — Y be a smooth morphism, and let i : Z — X be a reqular
immersion between smooth k-schemes. For K € Dys(Y, ), the compler vz x(f*K) €
Des(T7 X Xm0, N) is T(X/Y)|z-invariant for the action of T(X/Y )|z on Tz X defined by
(2.2.28).
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Proof. Since fopr;; = fopr;,, there is an isomorphism
(2.3.46) pry fTC = pri, f7 K.

By Lemma 2.2.5.2, the morphisms (2.2.26) and (2.2.29) are smooth over A'. Applying
(2.3.3) to these two morphisms yields natural isomorphisms

(2.3.47) Vz)xxy XPLpaf K 2 o x yvzx 7K,
(2.3.48) Vz/xxy xPUp 1 f K~ pry vz x K.

Combining (2.3.46), (2.3.47), and (2.3.48), we obtain an isomorphism
(2.3.49) Oy xyVz x K = pry, xvzx K in Det((T(X/)Y) xx Tz X) Xg 1m0, A).
This proves the assertion. O

We recall the internal Hom object % = Hom for cohomological correspondences (cf.
[LZ22]) and define its specialization version.

Definition 2.3.10. Let X be a smooth scheme over a field k. We identify the normal
bundle T'x (X x X) for the diagonal 6 = dx: X — X x X with the tangent bundle T'X.
Let 1 denote the generic point of the henselization of A! at 0. We define bifunctors

(2350) T = %Xi Dctf(X, A)Op X Dth(X, A) — Dctf<X X X, A),
(2.3.51) vHom: Dey(X, A)P X Deye(X, A) = Deys(TX Xg mo, A),

by i (Fi, F2) = Homxx (priFi, pryFs) and vHom = vx/xxx(Hx) (2.3.27). If Fy =

Fo = F, we also write

(2.3.52) Hr = Hx(F,F).

Applying the construction of 2.2.9 to i : Z — X and X — Spec(k), we obtain
(2353) Qa: Ax(X X X) X xxAl Az(X) — Az(X),
(2354) OéZTX|Z Xz TzX:TX X x TzX—>TzX

We denote by ¢ : TX |z — Tz X the quotient bundle morphism. Unwinding the definitions,
we see that for a geometric point z € Z, the action

(2.3.55) a, : T,X X (TzX), = (TzX),
is given as follows:
(2.3.56) a, =addo (¢, xid) : T.X x T, X/T.Z - T.X/T,Z.

Consider the following commutative diagram

Az(X) D Ax (X)
/ J{Aid(éx) Aid(éX)l \
(2.3.57) C Ap(X) ~— Ay (X x X) Ax )

Aja(pra) A;(id) (X % X)
\LAid(PH) i

Az(X)
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The bottom square of (2.3.57) is cartesian by Corollary 2.2.8. Hence the upper square of
(2.3.57) is also cartesian, which gives the following commutative diagram over the special
fiber (note that T7(X x X) ~TX xx TzX by (2.2.25))

T, X X

(OTX,id)\L lOTX
prTZX\L l
Ty X X,

where the squares are cartesian.

Proposition 2.3.11. Leti : Z — X be a closed immersion of smooth schemes. For all
F € Dt (X, ), the complex vz x(F) € Deyr(T7X X1 0, A) is a retract of

ar(pryxvHom(F, F) @ prr, xvz/x(F))

2.3.59
( ) ~o (pryy, (VHom(F, F)lrx|,) @ pry, xvzx(F)).

The retraction maps are given by the following two compositions:

vz/x(F) = au(Orx,id),(0rx, id) "pry, x vz x (F)
~ ay((0rx,id),A @ priy, xvz/x(F))

~ oy (pryy Orx1vx/x (A) ® pry, x vz x (F))
(2.3.60) (2.3.37) . .
— an(pryxVx/xxx (0x1A) @ pry, vz x (F))

= a!(pr;’XVX/XxX(%}‘) ® pl“*TZXVZ/X(]:))
= a(pryxvHom(F, F) @ pry, xvz/x(F)),

o (pryxvHom(F, F) @ pry, xVz/x (F))

= a(pryxVx/xxx (HF) @ prr, xvz/x(F))
2.3.35 «

g} Oé!(VZ/XXX<%]-') ® VZ/XXX(prlf))

(2.3.61) —— awzyxxx(Hr @ priF)
(2.3.37) *
—— Vz/x (proy(HF @ pri.F))
= vz x (prypryF)

counit
Vz/x (-7: )7
where m is induced by the canonical tensor map for the nearby cycles functor.

pro

Proof. Consider the morphisms X <6—X> X x X — X. We first note that the morphisms
(cf. (4.1.2))

(2.3.62) SxiA @ priF 29 e @ priF 2 pryF
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induce a retraction

(2.3.63) F =~ pry (0x1A @ priF) — proy(HF @ priF) — F.
By naturality, we have a commutative diagram

(2.3.64)

o (pF*TXVX/XxX(5X!A) X PF?ZXVZ/X(]:)) = Oé!(pf*TXVX/XxX(z%pf) ® pry, xVz/x (F))

(2.3.35) (2.3.35)

coev

Oé!(VZ/XxX(5X!A) & VZ/XxX(PFT]:)) a!(VZ/XxX(%]-') & VZ/XxX(PTTJT))

m m

coev

Oé!VZ/XxX(5X!A ® priF) a!VZ/XxX(%]-' ® priF)

(2.3.37) (2.3.37)

coev

Vz/x (Pray(0x1A @ priF)) vz/x (pro(HF @ priF)).

To prove Proposition 2.3.11, it suffices to show that the following diagram commutes:

(2.3.65)

VZ/X(]:) VZ/X(]:)

~

O‘!(pr;XoTX!A ® pr:}ZXVZ/X (F)) (1) ~
a(PryxVx/xxx (0x1A) @ pri, x vz x (F)) — vz x (pra(0x1A @ priF))
(2) (3)

a(pryxVx/xxx (HF) @ pry, xVz x (F)) —vz/x (proy(HF @ priF)) —vz/x(F),

where (2) is given by the commutative diagram (2.3.64). Commutativity of (3) follows
from (2.3.63). It remains to verify that the diagram (1) commutes.

Applying Lemma 2.3.1 to the morphism Ajq(0x) : Az(X) = Az(X x X) and A €
Des(X,A), priF € Ds(X x X, A), we obtain the following commutative diagram (note
that VX/XXX(éX!A) >~ OT)(!A and Vz/X(A) ~ A)

Py Vx/xxx (0x1A) @ priy, xvz x (F)

~

(Orx,id), vz x (A) ® vz xxx (P11 F) vz xxx (0x1A @ priF)
(2.3.66) . (2.3.10) J{ﬁ
(07x,1d),(vz/x (A) @ (Orx, id) Vzyxxx (Pr1F)) — vz/xxx (3x1(A ® 0% P11 F))

- lN

(Orx,1d),(07x, id) vz x « x (PriF) vz xxx (0x10%priF).
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We apply the natural transformation (2.3.37) associated with Az (X x X) Aualera), Az(X)
to the composite of the right-hand vertical arrows in (2.3.66). By naturality, we obtain a
commutative diagram

o o (2:3.37) .
vz xxx (0x1A @ priF) —=vz/x (prQ,((SX!A ® prlf))

(2.3.67) Nl i:
(2.3.37)

vz xxx (6x10%PriF) — > vz/x (prydx 105 priF).

Applying a; to (2.3.66) and combining the resulting diagram with (2.3.67), we obtain the
commutativity of the upper square in the following diagram:

« . (2.3.64) i}
o (Pryxvx/xxx (0x1A) @ pry, vz x (F)) ———= vz/x (pro(6x1A @ priF))
projection formula | ~ ~ | projection formula
(2.3.68) (07, id), (0rx,id) "pry, xvz)x (F) = vz x (Pradxi0%priF)
VZ/X(]:) VZ/X<]:)‘
The lower square commutes by the transitivity of (2.3.37) for pry o 0x; = idy, and of

(2.3.35) for &% o prt = id%.
Now (2.3.68) implies that the diagram (1) in (2.3.65) commutes. This finishes the
proof. O]

Let f: X — Y be a proper smooth morphism between smooth schemes over a field k.
Consider the following cartesian diagrams:

Xxy X 2PN X X xy X oy X x X

(2.3.69) lprm lf lhf lef

x L vy y % cyvxy

By Lemma 2.2.5.(4), the following diagram is cartesian:

Any (FX1)
Axsryx(X x X) 225 Ap(Y x V)

(2.3.70) l l

X x X x A Ly gy AL
The morphism Ay, (f x f) over the special fiber is the following morphism

Thp (fXF)
(2371) TXXyX<X X X) _— Ty(Y X Y)

Since f is a smooth morphism, we have an isomorphism

(2372) TXXyX(X X X) ~ X Xy X Xy TY,
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together with a commutative diagram

ny (FXF)
TXXyX(X X X) —) Ty Y x Y)

(2.3.73) i H
X xy X xy Ty Loddry=vrry

Lemma 2.3.12. Let f : X — Y be a proper smooth morphism between smooth schemes
over a field k. Let Fi, Fao € Dys(X,N). We put

(2.3.74) M (Fi, Fa) = Homxwx (P} Fi, pryFa) € Deg(X x X, M),
and similarly for 76,. Then there are natural isomorphisms

(2.3.75) (f X )P (Fr, Fo) = A5 (foFr, foFa),

(2.3.76) (Th, (f X [))sviiy K (Fr, Fa) = vs, (o F1s fuTF2).
Proof. By [LZ22, Proposition 2.11] and the Kiinneth formula, we have

(f X f)*%x(./rl,./t‘g) ~ (f X f)*(Dxfl &fg)

(2.3.77) ~f,DxFi B f.Fy = Dy (fF1) R [ Fy = K (fu Fr, fuFa).

By (2.3.70), the morphism Ax,, x(X x X) — Ay (Y x Y) is proper over A'. By proper
base change for nearby cycles (2.3.4), we obtain

(2.3.78)  (Th, (f x f))svip Hx(Fr, Fa) = o, (f X f)adlc(Fr1, Fo) = vs, 5 (fuTF1, fuT2).
O]

Lemma 2.3.13. Let f : X — Y be a proper smooth morphism between smooth schemes
over k. Consider the diagrams (2.3.69), (2.3.70) and (2.3.73). Let F € Dt (X, A) and

G € DY, A). Assume there is a retraction G KN f.F =G (ie., ri=id). Then 54(G,G)
is a retract of A5 (fF, f.F), and vHomy (G, G) = vs, 76,(G,G) is a retract of

(2.3.79) vy Ao (T, ) R (T (f % F)) s, Hc(F, F).

The retraction 4 (G,G) — & (f.F, fL.F) — 4(G,G) is defined by (2.3.80) and
(2.3.81) below.

Proof. Consider the following two morphisms
(2.3.80) Homy vy (prig, prég) — Homy .y (pr] fuF, pr!Qf*]-"),
(2.3.81) Homy sy (pry foF, prlzf*}") — Homy .y (prig, pr;g),

where (2.3.80) is defined by the functoriality for r on the first factor and ¢ for the second
factor, and the map (2.3.81) is defined analogously. By construction, the composition of
(2.3.80) and (2.3.81) is the identity. Therefore, 54 (G,G) is a retract of J& (f..F, fuF).
Applying the functor vs,., we get that vHomy (G, G) = vs, 5 (G, G) is a retract of

2.3.76)

y(;Y%i/(f*Fv f*f) (Thf(f X f))*l/lfjfx<f F)
This finishes the proof. O
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We compute the nearby cycles complex for certain tamely ramified sheaves.

Lemma 2.3.14. Let X be a scheme smooth over the semi-stable curve Spec k[s, t,u]/(st —
u) over A' = Speck[u] and let Dy, Dy C X be the divisors defined by s and t respectively.
Let F be a locally constant constructible sheaf of A-modules on U = X = (DU D) tamely
ramified along D1UDs and let W = WF be the nearby cycles complexr on X X 410 = D1 UDs
with respect to the morphism X — A' = Speck[u] at w = 0. Let j;: D} = D; — (D1 N
Dy) — Dy and jo: DS = Dy — (D1 N Dy) — Dy be the open immersions.

1. The restrictions U§ = W|pe and W5 = W|pg are locally constant and tamely ramified
along D1 N Dsy.

2. The canonical morphisms V|p, — 71,V and V|p, — j2. V5 are isomorphisms.

Proof. 1. Let A'* = Speck[u'/™;p { n] be the maximal tamely ramified covering and
U U xa1 A'Y — X x a1 A't be the base change of the open immersion j: U — X.
Then, by the assumption that JF is tamely ramified along D; U Dy, the extension R?jtF is
locally constant outside the inverse image of D N D, and the restrictions (R"j{F)|pe and
(R%j:F)|pg are tamely ramified along Dy N Dy. Since X — (Dy N Dy) is smooth over A,
we have isomorphisms (R°jiF)|pe — U|pe and (Rj{F)|ps — ¥|ps of locally constant
sheaves on D} and Ds.

2. It suffices to show the isomorphisms at each geometric point z of D; N Dy. Let
X, be the strict localization and U, = X, Xgpecku] Spec k(u) be the generic fiber. Let
Ul = Uy XSpeckls,tul/(st—u) SPEC ligpfnk[sl/”,tl/”,ul/”]/(sl/”tl/” — u'/™) be the universal

tamely ramified covering. By cohomological purity, the canonical morphism A — T'(Ut, A)
is an isomorphism (cf. [Gro72, Théoréme 3.3]). The canonical morphism U — A! is lifted
to Ut — At

We identify the Galois group Gal(U!/U,) with the product I, x I, of I, = I; = l'glpm fin

acting on s'/™ t'/" by multiplication respectively. The morphism U! — A!* induces
I, x I — I, = Gal(A'""/A'). Let I, = Ker(I, x I; — I,) be the kernel. The pull-
back of F on U is a constant sheaf and the pull-back of F on U, is the locally constant
sheaf corresponding to the representation M = H(Ut, F) of I, x I;. The isomorphism
A — T(UE, A) induces an isomorphism I'(Zy, M) = T'(1y, (UL, F)) — V..

For i = 1,2, let Dy, = D; xx X, and DS, = D{ xx X, = D;, —{x}. Let D3}
be the maximal tamely ramified covering of Dg,. We identify Gal(D5t/D5,) = I, and
Gal(Dst/Ds,) = I; with Iy by the isomorphisms Iy — I, and Iy — I, induced by
the projections. The canonical morphisms A — T'(Dgf, A) are also isomorphisms. The
pull-backs of ¥ on Dt and D3! correspond to the representation M of I,. The isomor-
phisms A — [(Dgf, A) induce isomorphisms I'(Iy, M) = T'(Lo, (D55, 09)) — (51.09)z
and (I, M) = T'(Io, T(DSL, ¥3)) — (j2.¥5),. Hence we have canonical isomorphisms
U, — (j1.99), and ¥, — (52, U3),. O

Let X = A! = Speck[z] and Z = {0} C X be the reduced closed subscheme consisting
of the origin. Let (X x A') — X x A! = Spec k[x, u] be the blow-up at (0,0) and £ = P!
be the exceptional divisor. Let ({0} x A!)", (X x{0})" C (X x A') be the proper transforms
of {0} x A' and X x {0} respectively and let 0,00 € E be the intersection points with
({0} x A1) (X x {0}). The complement (X x A') = (X x {0})" is the deformation
to normal bundle AzX and E — {oco} is canonically identified with the normal bundle
T=1T;X.
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Lemma 2.3.15. Let F be a locally constant sheaf on G,, = Spec k[z*!] tamely ramified
at 0 and let j: G,, — X = A' = Spec k[x] be the open immersion. Let pr;: X x G,, — X
be the projection and ¥ = WprijF be the nearby cycles complex on (X X A') x5 0 =
E U (X x {0}) with respect to the morphism (X x A'Y — A' = Speck[u] at 0 € A'. Let
M be the restriction V|px on the Gy,-torsor T* =Tz X — {0} C T, X = Speck[v] C E.

1. Let n, be the generic point of the henselization at 0 € X and let M be the rep-
resentation of the tame decomposition group GP™ = Gal(nytame/Nz) corresponding to
Fly.- Let n, be the generic point of the henselization of A' = Speck[u] at 0 and define
T (T X ny) to be the fiber product *™(T™) X Gai(kuep /k) GAL(Tu tame /) - Define a mor-
phism mime(T* x4 1) — G¥me induced by T* x (A' = {0}) = Spec k[v*!, u*] = G,, =
Spec k:[.:z:il] giwen by x = uv. Then the restriction M of ¥ on T X ny = Gy Xg 1y 1S @
monodromic sheaf defined by the pull-back of M to w™¢(T* X4 n,).

2. Let jo: T — T and joo: T — E be the open immersions. Then, the restriction
of W on T is isomorphic to M = juyM. The restriction of ¥ on the proper transform
(X x {0}) is j.F and the restriction of U on E is isomorphic 10 jsexM.

Proof. 1. By Proposition 2.3.7.1, M = V|« is monodromic. Let Speck[u,v] = AzX C
(X x A'Y be the deformation to the normal bundle where v = x/u. Then, pr;: X X G, —
X is defined by z = uv. Hence M corresponds to the pull-back of M by 7{*™e(T> x;.n,) —

G;ame‘
2. By Proposition 2.3.7.2, M_: JjoM — Vlr is an isomorphism. The isomorphisms
U (xxqoyy — JxF and ¥|g = joo, M follow from Lemma 2.3.14.2. O

2.4 Radon transform

Definition 2.4.1. Let V be a fixed vector space over k of dimension n + 1 with n > 1,
and put P = P(V) and P¥ = P(VY). Consider the incidence correspondence

(2.4.1) Q={(zx,H)e PxP':x€ H CPxP"

Note that PY parametrizes hyperplanes H C P and Q C P x PV is the universal family
of hyperplanes.

Let p: Q — P and p¥ : Q — PV be the projection maps. The Radon transform and
the dual Radon transform are, respectively, the functors

(2.4.2) Rad = p/p*[n — 1] : Dess(P, A) = Der(PY, A),
Radv - p*p\/* [n - 1] : Dctf(PV7 A) — Dth(P’ A)

We define the anti-Radon transform
(2.4.4) Rad = Rad¥(n — 1) : Det(PY, A) — Dee(P, A).

By Poincaré duality, p' = p*[2n — 2](n — 1) and p¥' = p¥*[2n — 2](n — 1). Consequently,
Rad is both left and right adjoint to Rad.

It is well known that Rad and Rad do not define an adjoint equivalence for n > 2 in
general. Nevertheless, the following retraction statement holds.
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Proposition 2.4.2. Assumen > 1. Let U, C denote the unit and counit of the adjunction
Rad F Rad, and let U, C denote the unit and counit of the adjunction Rad - Rad. For
every F € Deg(P, ), the following identity holds:

(2.4.5) CroUz ~ (=1)" tidg.
In particular, F is a retract of Rad(RadF).
Proof. Unwinding the definitions, the left-hand side of (2.4.5) is the composite

F = pp"F = pp"'plp" F
(2.4.6) ~p.p"*p/p* F[2n —2](n — 1)
—p.p" F2n —2)(n — 1) ~ p,p' F — F.

We first evaluate the two arrows involving pY. By [ILO14, Exposé XVI, Définition 2.3.1
and Proposition 2.3.2], the composite

(2.4.7) p*F — pV'plp* F ~ pV*pYp* F[2n — 2](n — 1) — p* F[2n — 2](n — 1)

is given by cup product with the Chern class ¢,_1(T'(Q/P")) of the relative tangent bundle
T(Q/PY). By the projection formula, we get

(2.4.8) CrUr = pucn1(T(Q/PY)) Uidy.

It remains to compute the cohomology class p.c,_1(T(Q/P")) € H°(P,\). The closed
immersion j: @@ < P x PV is defined by the identity section (cf. [Sail7a, 3.2])

(2.4.9) id € End(V) =V @ VY =I(P x P¥,0(1,1)).

Thus, for the ideal sheaf Zg,pyx pvy defining j, we have an isomorphism

(2.4.10) Zoypxpy/To pxpvy = Og(—1,—1) = p*Op(—1) ® p"*Opv(-1).
Now the morphisms @ Jy P x PY 22 PV induce an exact sequence

(2.4.11) 0— IQ/(PXpV)/Ié/(PxPV) — j*Q}Dva/PV — Qé}/PV — 0.

Since j*QL. v /Py p*Qp s (2.4.11) induces the following exact sequence
(2.4.12) 0= Oq(—1,-1) = p*Qp), = Q5 pv — 0.

Since all three terms are locally free, after taking duality, we get an exact sequence of
vector bundles

(2.4.13) 0—T(Q/PY) = p'TP — Og(1,1) = 0.
Now applying [Jou77, Lemme 8.4.1] to the above sequence, we get
(2.4.14) P s (T(Q/PY)) = (~1)" - paeu 1 (T(Q/PY)Y) = (1)

This finishes the proof. O
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Corollary 2.4.3. Let V' be a vector space over k of dimension n + 1 with n > 1, and
put P =P(V) and P¥ =P(VV). Let Q C P x PV be the incidence correspondence. Let
F € Des(P,A), and set G = pY*Rad(F)[n — 1](n — 1) € De(Q, A). Then H#p(F,F) is a
retract of #p(p«G,p«G), and vHomp(F,F) := vs,5p(F,F) is a retract of

(2.3.76)

(2.4.15) Vsp P (DG, D:G) (hp X idrp).vs, 5(G, G).
Proof. Note that

(2.4.16) .G = p.p”*Rad(F)[n — 1](n — 1) = RadRad(F).
By Proposition 2.4.2, F is a retract of p,G. The retraction is defined by

r=(-1)""'Cr

(2.4.17) F .6 F,

where ri = id. Now the results follow from Lemma 2.3.13 and (2.3.73). O

Consider the following commutative diagram

Q xp Q= Q x Q" (Q x Q) xpvup (@ x Q) —2=Q x Q

(2.4.18) \ prli ipvxpv

Ox(Q—PP _pvy pv

We apply Lemma 2.3.9 to the inclusion i, : Q Xp @ — @ x @ and the morphism p¥ x p* :
QxQ — PYxPY. We now describe the action (2.2.28) in this setting. There are canonical
identifications

(24.19)  T(Qx Q/P" x PY) = pry, T(Q/P") @ priy,T(Q/PY) over Q x Q,
(2.4.20) Toxp0(@ X Q) =Q xpQ xpTP over Q xp Q.

Define a vector bundle W over ) xp () by
(2.4.21) W =T(Q x Q/PY x PV)|oxpq = prs T(Q/P") & pry , T(Q/PY).

Under these identifications, the action (2.2.28) becomes an action of W on Q xpQ xp TP
over () Xp Q):

(2.4.22) a:WxpTP =W Xgx,0 (@ XpQ xpTP)— QxpQ xpTP.
More precisely, the action (2.4.22) is induced by the linear morphism
(2423) B W — Q Xp Q Xp TP, (U}l, 'wz) — Tp(wg) — Tp(wl),

namely, the difference of the two morphisms

(2.4.24) Tpopry: W — pr3T(Q/PY) — T(Q/PY) — TP,
(2.4.25) Tpopr,: W — priT(Q/PY) — T(Q/PY) 2% TP,
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Here Tp : T(Q/PY) — TP is the composition T(Q/PY) — T(P x PV/PV) ~TP x PV %
TP.
The natural morphism

(2.4.26) p:T*P\Opp —P(T"P) ~Q

defines a tautological line subbundle on §,(Q):

(2.4.27) L={(z,H,HE): v e PEclyn} C,(Q) xpT*P,

where ¢, iy C TP is the line represented by (z, H) € (). We have a canonical isomorphism
(2.4.28) L= T5H(P x PY).

Lemma 2.4.4. Consider the diagram (2.4.18).

1. Let F € Des(P,A) and put G = p"*Rad(F)[n — 1](n — 1) € Des(Q,A). Then
Vi, (H5(G,G)) on Q xp Q xp TP is W-invariant.

2. Consider the dual morphism

(2.4.29) BY:QxpQxpT'P— W' =pr, T"(Q/P") ®pr;,,T*(Q/P),
and the projection morphism
(2430) hp X idT*p : Q X p Q X p P —T*P.

The kernel ker(5Y) is the union of Q xXp Q Xp Op«p and L (cf. (2.4.27)).
Proof. We have isomorphisms

DG = Do((p*)"Rad(F)[n — 1)(n — 1)) = (p*) DpvRad(F)[L - n)(1 - n)

(2431) ~ (pv)*DpvRad(]:) [n — 1]7

(24.32) H#5(G.G) ~ DeG R G = (p x p")*(Dpv(Rad(F)) K Rad(F))[2n — 2)(n — 1).

Now (1) follows from Lemma 2.3.9. We prove (2). Considering @ C P x P¥ — PV, we
have isomorphisms

(2.4.33) ker(pry 0 5Y) 2~ (Q xp Q) Xp .0 T3 (P x PY),
(2.4.34) ker(pry o ¥) ~ (Q Xp Q) Xp,.0 TH(P < PY).
Then ker(5Y) = ker(pr; o 8¥) Nker(pryo 8Y) = (Q Xp Q Xp Op+p) U L. O

Let f : X — S be a morphism of noetherian schemes over k and F € Db%(X,A).
We denote by E¢(F) the smallest closed subset of X such that f : X \ Ef(F) — S is
universally locally acyclic relatively to F. We call E¢(F) the non-ULA locus of F with
respect to f.

For later convenience, we recall a result of Beilinson on the identification of the pro-

jectivization of singular support with the non-ULA locus. Recall the Legendre transform
[Beil6]:

(2.4.35) P(T*P) ~ Q ~ P(T*PY).

Lemma 2.4.5 ([Beil6, Theorem 3.2]). Let F € Dee(P,A), and let SS(F) C T*P be the
singular support of F. Under the Legendre transform P(T*P) = @, we have

(2.4.36) P(SS(F)) = E,(p"*Rad(F)).
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3 Singular supports and microlocalization

In this section, let X be a separated smooth scheme of finite type over a field k£ of char-
acteristic p > 0 and A be a finite local ring with residue characteristic ¢ # p. We fix a
non-trivial character ¢: F, — A*.

3.1 Construction

We define the microlocalization of a constructible sheaf along a closed subscheme.

Definition 3.1.1. Let ¢ : Z — X be a closed immersion of smooth schemes, and let 7y be
the generic point of the henselization of A at 0. Recall the specialization functor (2.3.27)

(3.1.1) vz x : Det(X, A) = Doy (T2 X Xp 10, A).

For F € D.(X, A), we define its microlocalization along ¢ to be the Fourier transform of
its specialization:

(3.1.2) vz x(F) = Fyr,x/2(Vz)x (F)) € Des(T7 X Xp 1m0, A).

In (2.3.51), we define the specialization vHom of the internal Hom object .2 = Hom (cf.
(2.3.50)). Now we define its microlocal version. Let

(313) F¢Z Dctf(TX Xk No, A) — Dctf(T*X Xk No, A)

denote the Fourier transform associated with the tangent bundle (cf. Definition 2.1.2.2).
We define a bifunctor

(314) /ﬂ-[om = ,u’HomW\: Dctf(X, A)Op X Dctf(X, A) — Dctf(T*X Xk No, A),
by pHom = F, o vHom.
In the following, we use the notation of Convention 2.3.5.

Proposition 3.1.2. Leti: Z — X be a closed immersion of smooth k-schemes, and let
q" Ty X = T*X|; =T*X Xx Z denote the canonical closed immersion of the conormal
bundle into the restricted cotangent bundle. For all F € Dey(X, A), the complex

(3.1.5) pz/x(F) € Deat(T7X X 1o, A)
s a retract of

(3.1.6) (¢ (uHomx (F, F)

T*X\Z) ® NZ/X(‘F>'
Note that this defines a canonical morphism

(3.1.7) (¢) (uHomx (F, F)

7+X\2) ® pz/x (F) = pzyx (F).
Proof. Applying Lemma 2.1.22 to q : TX|; — Tz X and the following diagram

TX|Z XszX _>a TZX

(318) pry lprTZX
Tz X,

TX|,

we see that (3.1.6) is the Fourier transform of (2.3.59). O
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Lemma 3.1.3. Let X be a smooth scheme over a field k of characteristic p, and let A — A’
be a finite étale faithfully flat local extension of finite local rings with residue characteristic
different from p. Suppose that A admits a non-trivial character 1 : ¥, — A*, and let 1y
be its extension to A'. For F,G € D.(X,A), put Fpr = F @ N and Gy = G @ N, Let
0: X — X x X be the diagonal. We have canonical isomorphisms

(3.1.9)  H(F,G) @p N =~ H(Fr,Gn) i Der(X x4 X, A'),
(3110) 1/5(%(.7, Q)) @A A, >~ Vg(%(FA/7gA/)) in Dctf(TX Xk 770,A,),
(3.1.11) pHomy a(F,G) @p N ~ pHomy,, a(Far,Gar) i Deg(T*X x4, 1o, A).

Proof. Since A’ is finite free of positive rank over A, the functor — ®, A’ is exact and
conservative. It preserves constructibility and finite Tor-dimension and detects zero com-
plexes, and is also compatible with the six operations, nearby cycles and specialization.
Now (3.1.9) and (3.1.10) follow.

Let E — Y be a vector bundle, and let pr; and pr, be the projections from E xy EV.
The formula

Fyp/yaN) = pry (priN @ Lya((, ),

together with Ly ®x A" ~ Ly, A, gives a canonical isomorphism
(3.1.12) Fw,E/Y,A(N) QA AIZFwAuE/KA’(N@A A/)

By the definition (3.1.4), the isomorphism (3.1.11) follows from (3.1.9), (3.1.10) and
(3.1.12). O

Let T be a k-scheme. An object F € DY(T xj, mo, A) has an underlying object in
D%(Ty, A), which we still denote by F. This complex carries a continuous semilinear
G,-action, with the action on T} induced by the quotient G,, — Gj%. The semilinear
action, together with the surjectivity of G,, — Gy, implies that supp(F) C T} is G-
stable. Therefore by Galois descent for closed subsets, there is a unique closed subset
supp,(F) € T whose inverse image under Ty — T is supp(F):

(3.1.13) (suppy,(F))r = supp(F).

Here supp(F) is the closure of the set {t € T;|F; # 0}.

Definition 3.1.4. Let X be a smooth scheme over k, and let F € D.(X, A). Recall the
object uHom(F,F) € Deys(T*X X mo, A) defined by (3.1.4). We define a closed subset
SSu(F) of T*X by

(3.1.14) SS,(F) = supp(pHom(F, F)).

We say that F € Db(X, A) is locally constant if every cohomology sheaf H¢F is locally
constant.

Lemma 3.1.5. Let F € Dey(X,A).

1. The closed subset SS,(F) C T*X is conical.

2. Assume that F is locally constant and that X is irreducible. Then, we have
SSUF)=TxX if F#0 and SS,(F) =@ if F = 0.

3. Assume dim X = 1. Then, we have SS,(F) C SS(F).
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Proof. 1. The specialization vHom(F,F) and hence the microlocalization pyHom(F,F)
are monodromic by Proposition 2.3.7.1 and [Zh24, Proposition 2.5(4)]. Thus its support
SS,(F) is conical.

2. Since Hom(priF, pryF) is locally constant, we have isomorphisms e*(Hom(F, F) ®
Kx) — vHom(F,F) and 0 Hom(F,F) — pHom(F,F) (2.1.8).

3. We may assume that X is irreducible. Let U C X be the maximal open subset
on which F|y is locally constant and identify T*U = T*X xx U. Then by 2, we have
SSU(F)NT*U =THU or = @ according to Fly # 0 or = 0. Since SS(F) is the union of
SS,(F)NT*U and fibers T*X = T*U, the assertion follows. O

We show an equality for the direct image of singular support by closed immersions.

Lemma 3.1.6. Let i: X — Y be a closed immersion of smooth schemes over k. Then,
we have an equality

(3.1.15) S84 F) = 1655, (F)
of closed subsets of T*Y .

Proof. By Lemma 2.2.5.3, the morphism Ax (X x X) — Ay (Y xY) is a closed immersion.
Hence the base change morphism vHomy (i.F, i F) — Ti.vHomx(F,F) is an isomor-
phism. Let

(3.1.16) T*X &ZM ey v, X 2R Ty

be the canonical morphisms. Then the isomorphism vHomy (i, F, i.F) — Ti,vHomx (F,F)
induces an isomorphism pHomy (i,.F, i.F) — bya*uHomx (F, F) by Proposition 2.1.9. [

Lemma 3.1.7. Let h: W — X be a smooth morphism of smooth schemes over k. Then,
we have an equality

(3.1.17) SSu(R*F) =h°SS,(F)
of closed subsets of T*W .

Proof. Let

T*X &P X o WS ey

(3.1.18) i ;
TX &2 TX xy W & 1w

be the canonical morphisms. By Lemma 2.2.5.2, the morphism Ay (W xW) — Ax (X xX)
is smooth. Hence the base change morphism a"'b"*vHomx (F, F) — vHomy (h'F, h'F)
is an isomorphism by the smooth base change theorem. This induces an isomorphism

ab* pHomx (F, F) — uHomw (B'F, W' F) = pHomy (h*F, h*F) by Corollary 2.1.10.1. [
If ) does not exist, we can define SS,, as follows.

Proposition 3.1.8. Let X be a smooth k-scheme, and let F € Dey(X,A). Let A — A be
a finite étale faithfully flat local extension of finite local rings with residue characteristic
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different from p. Assume there is a non-trivial character i : ¥, — N*. The following
formula defines a closed conical subset of T*X :

(3.1.19) SSu(F) := suppy (pHomy a (Fur, Fur)),

which is independent of the choice of ' and ).
If A admits a non-trivial character, this agrees with Definition 5.1.4.

Proof. Since A’ is henselian and p is invertible in A, reduction induces a bijection between
the p-th roots of unity in A’ and those in its residue field. Every non-trivial character
F, — A is therefore of the form 1),(t) = 1 (at) for a unique a € F. For a vector bundle
E =Y, let my : EY — EY be the multiplication by a € F;. We have the following
isomorphism (cf. [AS11, the remark (i) after Definition 3.8])

(3.1.20) Fyo2/v,n (N) = szzb,E/Y,A’ (N)

By Lemma 3.1.5.1, supp,(uHomy a/(Far, Far)) is conical. Hence (3.1.20) shows that the
right hand side of (3.1.19) is independent of the non-trivial character .

Now consider two choices (A}, 11) and (A}, 12). Choose a nonzero local factor B of
A ®@a AL, Tt is finite étale and faithfully flat over each Al

Since the functors — ®,; B and — ®,; B are conservative and detect zero complexes,
we have

suppy (Homy, a1 (Fay, Far)) = suppy (uHomy, .. 5(Fp, Fp))
(3.1.21) = suppy, (tHomy,, 5(Fp, Fg))
= suppy (uHomw%Aé (}“A,Q,}"A,Q))_

This proves independence of the choice of A’ and 1, as well as agreement with Defini-
tion 3.1.4 when a character exists over A. O

Let k be any field, and let A be a finite local ring whose residue characteristic is
invertible in k. Let u : A} \ {1} < A} be the open immersion, and put B = u,A. Let
X be a noetherian scheme over k and let E be a vector bundle over X with dual EV.
Consider the projections and the canonical pairing

pr pr
E +——— ExyEY — EV

(3.1.22) ":<’>l

Al
Following [Wang, Section 2|, but omitting the shift by rank £, we define
(3.1.23) Fgp/x(M) = pry(priM @ (, )" B).
Definition 3.1.9. If X is a smooth k-scheme X and F € D (X, A), we define
(3.1.24) peHom(F, F) := Fprx/x (vHom(F,F)),
(3.1.25) SS,.B(F) = supp,(ugHom(F,F)).

In positive characteristic, since vHom/(F, F) is monodromic, this construction agrees
with (3.1.19). Consequently, whenever A admits a nontrivial character ¢ : F, — A*, it
also agrees with Definition 3.1.4 .
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Proposition 3.1.10. Let k be a field of characteristic p > 0, and let A be a finite local ring

of residue characteristic ¢ # p. Let X be a smooth scheme over k, and let F € Dey(X, A).
Then we have

(3.1.26) SS,.(F)=SS,5(F),

where the left hand side is defined by (3.1.19).

Proof. By Lemma 2.1.1, there exists a finite étale faithfully flat local A-algebra A’ admit-
ting a nontrivial character ¢ : F, — (A")*. Put Fy» = F ®, A’. Since A’ is finite free
over A, the functor — ®, A’ commutes with specialization and with Fp. Since A’ — A is
faithfully flat, hence — ®, A’ preserves supports and we have

(3127) SSMB(]:) = SSM,B(-FA’)-

By Proposition 2.3.7.1, the object vHom(Far, Fpr) is monodromic. By [Wang, Corollary
4.5], the restrictions of Fp and Fy, to geometric monodromic complexes over an algebraic
closure of k£ are naturally isomorphic, although not canonically. Thus we have

(3.1.28) suppy, (upHom(Far, Far)) = suppy (pHomy ar (Far, Far)).

Together with (3.1.27) and (3.1.19), we get (3.1.26). O

3.2 Inclusion of singular supports

In this subsection, we prove the inclusion S5, C SS. We note the following fact. Let X
be a smooth k-scheme, and let F € D¢y (X, A). Let A — A’ be any finite étale faithfully
flat local extension. Since the functor —®, A’ detects the vanishing of the vanishing cycles
functor, by [Beil6, Theorem 1.5], we have

(3.2.1) SS(F) = SS(F @4 ).

In order to prove S5, C S5, by Lemma 2.1.1 and Proposition 3.1.8, we may assume there
exists a non-trivial character ¢ : F, — A*.
We first reduce the assertion to the case of projective spaces.

Definition 3.2.1. 1. Let X be a smooth k-scheme. We say that a complex F € D (X, A)
satisfies the singular support inclusion if

(3.2.2) SS,(F) C SS(F).

2. Let P be a projective space over k, and retain the notation of Definition 2.4.1. Set

(2.4.35

(3.2.3) p: (T*P)* =T*P\ TP — P(T°P) "2 @,

which is the composite of the projectivization map and the Legendre transform. We say
that a complex F € D.¢(P, A) satisfies the projective singular support inclusion if

(824)  8S.(F)* = SS.(F)\TpP C p (B, (p""Rad(F))) “E” p ' (P(SS(F))).
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Lemma 3.2.2. Assume that, for every n > 1, every (n + 1)-dimensional vector space
V', and every F € D(P(V),A), the complex F satisfies the projective singular support
inclusion.

Then, for every smooth scheme X over k and every F € Dys(X,A), the complex F
satisfies the singular support inclusion. Equivalently, Theorem 3.2.5 holds.

Proof. When dimX < 1, Theorem 3.2.5 follows from Lemma 3.1.5.2 and Lemma 3.1.5.3.

Now assume dimX > 1. Combining Lemmas 3.1.6 and 3.1.7 with [Beil6, Lemmas 2.3
and 2.5], we may assume that X = P = P(V) is a projective space. Let F € D.(P,A).
Since F satisfies the projective singular support inclusion, and both SS,(F) and SS(F)
are conical (cf. Lemma 3.1.5 and [Beil6, 1.3]), we have

(3.2.5) SS,(F)* C SS(F)* .

By [Beil6, Lemma 2.3], the base of SS(F) is supp(F). If F vanishes on an open neigh-
borhood U of z € P, then s vanishes on U x U. Consequently, vHom x (F, F) vanishes
over TU and pHomx (F,F) vanishes over T*U. It follows that

(3.2.6) SS(F)NTEP Csupp(F) = SS(F) NTHP.
Now the result follows from (3.2.5) and (3.2.6). O

For the remainder of this subsection, let P be a projective space over k and let F €
Deit(P, A). Retain the notation of Subsection 2.4, and set

(3.2.7) G = p"Rad(F)[n — 1](n — 1) € Des(Q, A).

Universal local acyclicity is unaffected by cohomological shifts and Tate twists. Therefore,
by Lemma 2.4.5, we have

(3.2.8) E,(p"*Rad(F)) = E,(G).

Lemma 3.2.3. Recall the closed immersion i, : Q@ Xxp Q — Q) X Q, and use the notation
of Convention 2.3.5. Let U C @ be an open subscheme. If ply : U — P is universally
locally acyclic relatively to G|y, then the natural morphism

(329) Z;% &ATP — Vip% m Dth((Q XPQ Xp TP) Xk 770,A>
restricts to an isomorphism over U xp U Xp TP.

Proof. By [L.Z22, Theorem 2.16], the morphism p|y X p|y : U x U — P x P is universally
locally acyclic relatively to the complex

(3210) c%E|U><U ~ DU(Q|U) X (Q]U) € Dctf(U X U, A)
Applying Lemma 2.3.6 to the cartesian diagram

iplux pu

UxpU UxU

(3.2.11) hp‘UxPUl lP|U><P|U

p— .pxP
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we obtain natural isomorphisms

(3.2.12) Vip G |UxpUx pTP = Viglur o (A lUx0)

gl/X]) IIXPIIXPZI ?:D g ]I IIXPIIXPII *
D

Recall the notation h, : Q xpQ — P in (2.3.69) and that h, x idyp in (2.3.73) denotes
the projection

(3213) hpXidTP:pI'TPZQXPQXPTP—)TP.
Let h, x id7r-p be the projection
(3.2.14) hy X idpsp =prpwp : Q Xp Q xp T*P — T"P.

Lemma 3.2.4. Let U C @ be an open subscheme. Suppose that p|y is universally locally
acyclic relatively to G|y. Then the complex

(3215)  Fyrp/p((hy X idrp)svi, Hg) ~ (hy X 1d1+p) i Fy0x p@x p7P/Qx 20 (Viy 75)
vanishes over p~*(U).
Proof. There are canonical isomorphisms

DoG = Dq((p") Rad(F)[n — 1](n — 1)) = (p*)' DpvRad(F)[1 — n](1 - n)
(3.2.16) ~ (p¥)*DpvRad(F)[n — 1],
Hy ~ DoGRG ~ (p¥ x p*) (DpvRad(F) K Rad(F))[2n — 2](n — 1).

By Lemma 2.4.4, the complex v; 7 is W-invariant under the action of W' (cf. (2.4.22)).

Let ¥ := supp,(Fy,0xpoxprP/oxp0 Vi, 75)) € Q xp Q xp T*P (cf. (3.1.13)). By Propo-
sition 2.1.21 and Lemma 2.4.4, we have

(3.2.17) Y Cker(BY)=Q xpQ xpOppUL.

Let J:U xpU — @ xp @ be the inclusion, and let

(3.2.18) Jrp=J xidyrp : U XpU XpTP — Q xpQ xp TP,
be its base change. By Lemma 3.2.3, the complex

(3.2.19) Tipvs, Ky = (0570 0 p B A

is the pull-back of i;;%”g]UXPU by the projection U xp U xp TP — U xp U. Hence
Lemma 2.1.3.3 gives

(3.2.20) Elvxpv = suppy(Fy,ux px prP/vx pu (Jrpli, #G)) €U Xp U Xp Opsp.
By (3.2.17) and (3.2.20), we see that
(3221) by g Q XPQ Xp OT*pU£‘5p(Q\U).

Hence ¥ is disjoint from Q xp Q xp p~1(U). O
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Theorem 3.2.5. Let A be a finite local ring killed by a power of a prime £ # p. Let X be
a smooth k-scheme, and let F € Dey(X,A). Then

(3.2.22) SS,(F) € SS(F).

Proof. By Lemma 3.2.2, it suffices to prove that, for every projective space P and every
F € Dy (P, A), the complex F satisfies the projective singular support inclusion; that is,

(3.2.23) SS,(F) = SSF)\THP C p~ ' (E,(p"*Rad(F))).

Set G = p"*Rad(F)[n — 1](n — 1). Let U C @ be an open subscheme disjoint from
E,(p"*Rad(F)). Then p|y is universally locally acyclic relatively to G|y. By Lemma 3.2.4,
the complex

(3224) Fw,TP/P((hp X idTp)*Vip%)
vanishes over p~!(U). By Corollary 2.4.3, the complex
(3225) p,?-[omp(]-", .7:) = ijp/pl/(gpjiﬂ]:

is a retract of (3.2.24), and therefore also vanishes over p~*(U). Therefore SS,(F) is
disjoint from p~(U). O

Theorem 3.2.6. Let i : Z — X be a closed immersion of smooth schemes and let F &€
D.t(X,A). Then we have

(3.2.26) suppy (piz/x (F)) € SSu(F)NT,X C SS(F)NT,X,

where suppy (pz/x (F)) € T3 X is the unique closed subset such that (suppy(pz/x(F)))z =
supp(pz/x (F)) (cf. (3.1.13)).

Proof. Let U C T*X be an open subset where pHomx (F,F) vanishes. By Proposition
3.1.2, pz/x(F) is a retract of

(3.2.27) (q")" (pHomx (F, F)lr-x1,) ® pz/x(F)
which vanishes over ¢V~ 1(U) = U NT4X (note that ¢" : T4 X — T*X|z). It follows that

suppy (piz/x (F)) € suppy(pHomx (F, F)) NT,X

3.2.28
(3.2.28) = 55,(F)NT;X C SS(F)NT;X,

where the last inclusion follows from (3.2.22). O

3.3 Equality of singular supports

In this subsection, we show that the inclusion S5, C SS in Theorem 3.2.5 is always an
equality. As in the beginning of Subsection 3.2, we may assume there exists a non-trivial
character ¢ : F, — A*.
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Lemma 3.3.1. Let X, Y be smooth k-schemes, Fi, Fo € Dee(X,A) and Gy, Gy € Der(Y, A).
We have canonical isomorphisms

(3.3.1) Hxxy (F1 WG, Fo M Gy) =~ Hx (Fu, Fo) KI5 (G, Go),

(3.3.2) vHomx (Fy, F2) K vHomy (G1, Gs) ~ vHomx xy (F1 X Gy, Fo K Gs),
(3.3.3) pHomx (Fi, Fo) W pHomy (Gi, Go) =~ pHomxy (F1 W Gi, Fo X Gy).
Consequently, for any F € De(X,A) and G € D (Y, A), we have

(3.3.4) SS(FHG)=SS5,(F) x SS.G).

Proof. The isomorphism (3.3.1) follows from [LZ22, Proposition 2.11]. Applying Proposi-
tion 2.2.7 to dx and dy, we obtain an isomorphism

(335) AXXy(X X X XY x Y) ~ Ax(X X X) X Al Ay(Y X Y)

Applying the specialization functor to the isomorphism (3.3.1) along dxxy = dx X dy :
X XY = X x X XY xY and then applying [L.Z22, Proposition 3.1], we obtain the
isomorphism (3.3.2). By Proposition 2.1.16, we obtain natural isomorphisms

pHomxxy (F1 X Gy, Fo K Gy)

~ Fyrxxy)/xxy(VHomxxy (F1 X G, Fo )X Gy))

(3.3.2)
(336) ~ Fw,TXXTY/XXY(VHomX<‘F17 Fg) X VHOmy<g1, gg))

(2.1.60)

= Fw,TX/X<V/H0mX (]:1, ]:2)) X Fw,TY/Y(VHC’mY(gh 92))
~ pHomx (Fi, Fo) K uHomy (Gi, Go).

O

Lemma 3.3.2. Let v : Z — X be a closed immersion of smooth k-schemes, and F &
Des(X, A). If suppy(pz/x (F)) (cf. (3.2.26)) is contained in the image of the zero section
0Y:Z — T3 X, then i is F-transversal.

Proof. By Proposition 2.1.6, there exists a complex G € D¢(Z X 19, A) such that

Applying [Sail7a, Lemma 8.6.3] to p : T,X — Z, we obtain that 0 is vz, x (F)-transversal.
We conclude by Proposition 2.3.8. O]

Lemma 3.3.3. The base of SS,,(F) is equal to supp(F).

Proof. Outside the inverse image of supp(F), uHom(F,F) is zero. Thus the base of
S5, (F) is contained in supp(F). Conversely, let U C X be an open subset outside of the
base of S5, (F). Then pHomx(F,F) vanishes over T*U, and hence

(338) VHOmU(.F‘U,F‘U) =0.
By Proposition 2.3.7,

0 = 0pyvHomy (Flu, Flu) = SyHomyxu (pri Flu, pryoFlu)
QHOmU(./_"|U,./_"|U).

It follows that F|y = 0. O

(3.3.9)
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Let X be a smooth k-scheme and f : X — A! be a function. Consider the cartesian
diagram

X><A1X¢>X><X

(3.3.10) lhf lef

Al A L AL AL

We denote by

(3.3.11) Pryy,Pryg: X xa1 X — X
the projections over A!, and by

(3.3.12) pry,pry: X x X — X

the projections over k.

Lemma 3.3.4. Let X be a smooth k-scheme and f : X — A' be a smooth morphism.
Let F € Dus(X,N). Recall that 75 = Homxxx (priF,pryF) = Dx(F) X F. Then f is
unwersally locally acyclic with respect to F if and only if iy is Fr-transversal.

Proof. We have a commutative diagram (cf. [YZ25, (3.54)])

C'L'f,%]:

5 Homx . x (priF, pryF) @ iy A ——— iy Homx . x (priF, pryF)

]

(3.3.13) #5(Dx(F) B F) @ i\A ~

|=

DX/Al(f) gAl F_— HomXxAlX(prjﬂlfa pr!f,Qf)'

We conclude using [LZ22, Theorem 2.16]. O

Lemma 3.3.5. Let X be a smooth k-scheme and F € Dyg(X,N). Let f: X — Al be a
smooth function. Let u be the coordinate on A'. It induces a morphism

(3.3.14) du: A' — T*A' ~ A x A
Consider the composition

(3.3.15) XM X s T°AY 4 77X,
which 1s also denoted by df : X — T*X. Assume that
(3.3.16) df (X) N SS,(F)=0.

Then f is uniwversally locally acyclic relatively to F.
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Proof. By Lemma 3.3.1, we have
(3.3.17) S8, (HF) =SS, (DxF) x SS,(F).

As fis smooth, X x a1 X is smooth and iy is pure of codimension 1. Consider the conormal
bundle

(3.3.18) i ax(X X X) = X X1 X x a1 TPA = X 50 X x AL
Since S5, (F) is conical, the condition (3.3.16) implies that

(3.3.19) SSu(AFr) N Tk, x(X x X) € X xa1 X xp1 Opan.
Then by Theorem 3.2.6, we obtain that

(3.3.20) suppy (pi, (A7) € X X a1 X X1 Op-at.

Applying Lemma 3.3.2 to ¢y and %%, we know that i; is J¢F-transversal. Now the result
follows from Lemma 3.3.4. O]

Theorem 3.3.6. Let A be a finite local ring killed by a power of a prime £ # p. Let X be
a smooth k-scheme, and let F € Dy (X, A). Then we have

(3.3.21) SS.(F) = SS(F).

Proof. By Theorem 3.2.5, [Beil6, Theorem 1.5] and [Sail7a, Theorem 4.4], it suffices to
show that

(3.3.22) SSY(F) = S8S(F) C SS,(F),

where SSY(F) is defined in [Beil6, 1.5]. In the following, if necessary, we may take
a finite extension of k& by Lemma 3.1.7 and [Beil6, Theorem 1.4(iii)]. Consider a test
function f: U — A' on X and a point 2 € U, such that

(3.3.23) (v, df (2)) ¢ 5S,(Flu).

If x ¢ supp(F), then F vanishes near x and hence f is universally locally acyclic relatively
to F at x. Otherwise, we may assume by Lemma 3.3.3 that df (z) # 0. After shrinking
U, we may assume that f: U — A! is smooth and

(3.3.24) df (U)N SS,(Fluv) = 0.

By Lemma 3.3.5, we conclude that f is universally locally acyclic relatively to F at =z.
Thus by definition of SS*(F), we have (z,df (z)) ¢ SS“(F). O
4 Characteristic cycles and microlocalization

In this section, let X be a separated smooth scheme of finite type over a field k£ of char-
acteristic p > 0 and A be a finite local ring with residue characteristic ¢ # p. We fix a
non-trivial character ¢: F, — A*.
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4.1 Construction
Let F € Det(X,A) and let 52 denote Hom(priF,pryF) € De(X x X, A). By [Gro77,

(3.2.1)], we have a canonical isomorphism

(4.1.1) Hom(F,F) — 6 .
Hence the identity 17 defines a canonical morphism
(4.1.2) A— 8.

Let X: Deyg(X, A) X Degs (X, A) = Dege(X x X, A) denote the bifunctor pri — ®prs—. The
canonical isomorphism Dy FXF — 5 [Gro77, (3.1.1)] on X x X induces an isomorphism

(4.1.3) DxF Q@ F — 6.

Hence the evaluation morphism DxF ® F — Kx defines a canonical morphism
(4.1.4) 5 A — Ky.

The morphisms (4.1.2), (4.1.4) and the canonical morphism &' — §* define
(4.1.5) A= 8'H — & H — K.

Definition 4.1.1 ([AS07, Definition 2.1.1]). The canonical class Cx/,(F) € H(X, Kx)
is defined by the composition (4.1.5).

Under the identification H(X, Kx) = H%(T*X,e"*Kx), the (cohomological) charac-
teristic class Cx/,(F) is known to be the cycle class of CC' F under the assumption that
X is quasi-projective [YZ25].

The adjoint of (4.1.5) defines

(4.1.6) WA — I — 0, Kx.
Taking the specialization and the microlocalization, we obtain

(4.1.7) 0OA = vHom(F,F) — 0.Kx,
(4.1.8) A — uHom(F,F) — e Kx.

Alternatively, by Proposition 2.3.7.2, (4.1.2) and (4.1.4) define the first and the last arrows
in

(419) A—)O!Vx/Xxxe%ﬂ—)O*Vx/XXXe%ﬂ%Kx.

The middle arrow is defined by the morphism 0' — 0* of functors. Taking the adjoint, we
obtain (4.1.7).

Let i: SS,F — T*X be the closed immersion, and let ¢ : T*X; — T*X be the
projection. Since (SS,F)z C T* X}, is the support of pHom(F,F), (4.1.8) defines

(4.1.10) A = i*uHom(F, F) —ie"* Kx

on (SS,F)r by adjunction. By the surjectivity of G,, — Gy, the composition of (4.1.10)

defines a GGi-invariant cohomology class in H((]SSN f)%(T*X nae* Ky).
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Let A and Ay, denote the sets of irreducible components of dimension dimX of S'S,,(F)
and of S5, (F); respectively. Applying semi-purity [SGA 4%—Cycle, Rappel 2.2.8] to each
connected component of X, we have canonical isomorphisms

Hig, 7(T"X, e Kx) ~ @ A - cl[C,],

Cqu€eA
(4.1.11)
H?SSHI)E(T*X,;, ¢e"Ky) ~ @ A - cl[Gy),
CbGAE
Hence the canonical morphism
(4.1.12) ¢ Hyg, 7 (T"X, e Kx) — H{sg, 7 (T" X5, ¢"e"* Kx )

is an isomorphism. This allows us to make the following definition.

Definition 4.1.2 (cf. [KS90, Definition 9.4.1]). Let F € De(X, A). We define
(4.1.13)  CCL(F) = CCpyn(F) € HASS,(F), i'e" Kx) = Hyg 5 (T"X, " Kx)

to be the unique class whose image by (4.1.12) equals the class of the composition of
(4.1.10).

Remark 4.1.3. Let k£ be any field, and let A be a finite local ring whose residue char-
acteristic is invertible in k. Let u : A} \ {1} — A} be the open immersion, and put
B = u,A. Let X be a smooth scheme over k, and let F € D.(X,A). Since 0*B ~ A, we
have canonical isomorphisms Fp(0,A) ~ e"*A. Applying Fp to (4.1.7), we obtain

(4.1.14) A — pupHom(F,F) — e Kx

on T%X X no. The composition defines a Gy-invariant class supported on 5SS, 5(F)z,
as in Definition 4.1.2. Thus by semi-purity and Galois descent as in (4.1.12), this class
defines a unique class CC, g(F) € H%SM S (T X, e Kx) over k. In future work, we will
investigate the functorial properties of C’CM7 B(F), and its relation to CC,,(F) in the case
where k has positive characteristic and A admits a non-trivial character ¢ : F, — A*.

Lemma 4.1.4. Assume that F is locally constant of rank r = rank F and that X s of
dimension n. Then, we have

CC,F = (—1)" -rank F - (T X).

Proof. Since 7 = Hom/(priF, pryF) is locally constant, we have an isomorphism e*(Hom/(F, F)®
Kx) — vHom(F,F). The morphisms (4.1.8) and (4.1.7) give a diagram

FOA Uy petom(F, F) L% po(Hom(F, F) © Kx) =% Fo, Ky

(2.1.6)l l(z.m) l(2.1.6) l(z.l.e)

A 2 OYHom(F,F) —2s eV (Hom(F,F) @ Kx) — e"*Ky.

The left square is commutative by Proposition 2.1.11.1 (2.1.36). The middle square is
(—1)™-commutative by Proposition 2.1.11.2 (2.1.38). The right square is commutative by
the functoriality of (2.1.6). Since the class of the composition of the lower line is r-cl(7% X),
the assertion follows. O
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Lemma 4.1.5. The pull-back of CC,(F) by the 0-section
0V*: HYg (5 (T"X, eV K ) — H(X, Kx)
equals the canonical class Cx i (F).

Proof. The pull-back 0Y*: Hgg . (T*X, e"* Ky) — H°(X, Kx) is the same as the com-
position of the canonical morphism H%SH(}-)(T*X, e*Kx) — HY(T*X,e"*Kx) and the
inverse of the pull-back e"*: H'(X, Kx) — HY(T*X,e"*Kx). Since the composition of
(4.1.8) is the pull-back by e" of that of (4.1.5), the assertion follows. O

Proposition 4.1.6. Let F be a filtration on F € Det(X, A) such that Gt F = @, Gr} F
is in Des(X, ). Then, we have SS,(F) C S = SS,(Gr" F) and an equality

(4.1.15) CC(F)=>_ CC(Grf F)

in HY(T*X, e"* Kx).

Proof. We may assume k = k. The filtration F on F induces a filtration also denoted F on
pHom(F, F). Since the identity 1z is in FuHom(F,F), the class CC,,(F) is the image of
17 € HY(T*X, Fo'uHom(F, F)) by the evaluation morphism. Since the restriction of the
evaluation morphism is the composition of FOuHom(F, F) — @, pHom(Gr} F,Grf F) —
eV*Kx, the assertion follows. O

Corollary 4.1.7. Leti: Z — X be a closed immersion and j: U = X — Z — X be the
open immersion of the complement. Then, we have

(4.1.16) CCW(F) = CC(jij*F) + CC,(ii* F)

in Hyg o (T"X, e Kx).

NI FDixi

Proof. We define a filtration ' on F by F°F = jij*F C F, F~! =0 and F' = F. Then
Grf' F € Dei(X, A) and we obtain (4.1.16). O

We define a variant for a not necessarily smooth scheme admitting an immersion to a
smooth scheme. Let 7: Z — X be a closed immersion of schemes over k and assume that
X is smooth over k and let v: Z — Z x X be the graph of i. Let F € D (Z,A) and let
H; denote Hom(priF, pryi.JF) € Des(Z x X, A). We have a canonical isomorphism

(4.1.17) M~ (1 x i), Hom(pr}F, pryF).
By [Gro77, (3.2.1)], we have a canonical isomorphism
(4.1.18) Hom(F,F) — ~'H.
Hence the identity 17 defines a canonical morphism

(4.1.19) A — A A

Let X: De(Z, A) X Dets(X,A) = Des(Z x X, A) denote the bifunctor prj — ®@prs—. The
canonical isomorphism D, FXi, F — ¢ [Gro77, (3.1.1)] on Zx X induces an isomorphism

(4.1.20) D, FQF — " H.
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Hence the evaluation morphism Dz F @ F — Ky defines a canonical morphism
(4.1.21) v — Ky.

The morphisms (4.1.19), (4.1.21) and the canonical morphism 7' — 7* define
(4.1.22) AN = A H— A — Ky

Since i is a closed immersion, the composition (4.1.22) defines the canonical class C'z/,(F) €
HO(Z, K ).
Let e/ : T*X xx Z — Z be the projection. Then the adjoint of (4.1.22) defines

(4.1.23) WA = A — v, K.

Since v is a regular immersion, the specialization functor to the normal bundle T X x x Z is
still well defined (cf. [Ver83, (8,2)]). Taking the specialization and the microlocalization,
then using [Ver83, (8.5) and (8.6)], we obtain

(4124) OIA — Vz/ZX)(i}JLﬂZ' — O*Kz,
(4125) A — MZ/ZXX% — GQ/*Kz.

Regard S5, (i.F) — T*X as a subset of 7" X X x Z and let s: SS,(i.F) = T*X xx Z
be the closed immersion. Let g : (T*X xx Z); — T*X Xx Z be the projection. Since
SS, (1. F)g € (T"X xx Z); equals the support of pzz«x 76, (4.1.25) defines

(4.1.26) A= " igyzex A — s'e) Ky

on S5, (i.F); by adjunction.
Similarly to (4.1.12) we have a canonical isomorphism

(4127) q* . HOSSH(i*F)(T*X Xx Z, e;/*KZ) é H%Su(i*}') ((T*X X x Z),;,q*eiv*KZ)Gk.

k

Definition 4.1.8. Let F € D (Z,A). Let i: Z — X be a closed immersion to a smooth
scheme over k and e/ : T*X X x Z — Z be the projection. We define

(4.1.28) CCi(F) € H(SS,(inF), s'e)* Kz) = Hyg 4.7 (T" X Xx Z,€/"Ky)

to be the class whose image by (4.1.27) equals the class of the composition of (4.1.26).

We prove a relation between C'C,,;(F) and CC,,(i.F) in Proposition 4.3.2.2. By the
same argument as in the proof of Lemma 4.1.5, using the isomorphism (4.1.17), we have
the following.

Lemma 4.1.9. The pull-back of CC,,;(F) by the 0-section
0": Hgg, . (T*X xx Z,¢/*Kz) — H*(Z, Ky)

equals the canonical class Czi,(F).
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4.2 Tamely ramified sheaves on curves

Let X be a smooth irreducible curve over k£ and let x € X be a k-rational point. Let j: U =
X = {z} — X be the open immersion and F be a locally constant constructible sheaf of
free A-modules of rank n on U. By Lemma 3.1.5, we know that S5, (71F) C T*X is a closed
conical subset of the union of the O-section 7% X and the fiber 77 X. By the semi-purity
[SGA 43-Cycle, Rappel 2.2.8], we have HOT;(XUT;X(T*X, e*Kx) = A[TxX]®A[T:X]. By
Lemma 4.1.4, we have CC,(71F) = —(n - [T%xX] + a - [T} X]) for some a € A. We give a
method to compute the coefficient @ € A in Lemma 4.2.3.

Let +: Tx X UT;X — T*X be the closed immersion. Since pHom(jF, i F) is sup-
ported on SIS, (jiF) C Tx XUT X, the adjoint of the morphism pHom(jF, jF) — e"* Kx
(4.1.8) induced by ev defines pHom (. F, j1)F) — +'e*Kx. Here and in the following, iden-
tify pHom (5 F, j1F ) with its restriction to Tx XUT X by abuse of notation. By the isomor-
phism FyNy — +'eV*Kx (2.1.54), this is induced by a morphism vHom (jiF, jF) — Na.

We define a subcomplex Nz of e*(j.EndF @ Kx) on TX similarly as My and construct
a factorization

(4.2.1) VHom(jyf, ]l]:) — N]: — NA

such that the restriction to TU is vHom(F,F) — e (End F @ Ky) — ef; Ky where the
second arrow is induced by Tr: End F — Ay and ey: TU — U is the projection. The
cohomology sheaves of j,End F @ Kx are H™% = RYj,.EndF (1), H™' = R'j,EndF (1) and
vanish otherwise. Let I, denote the inertia group at # € X. The stalk (R'j.EndF(1))], is
canonically identified with the Galois cohomology H' (I, End F'(1)). Let P C I, denote the

~

wild inertia subgroup. Since I,/ P is isomorphic to Z' = 1&1 pin Hn and P is a pro-p group,
the group H!(I,, End F'(1)) is canonically identified with the coinvariants (End F'), .

Let T'=TX X x « be the fiber at x and g: T* =T = {0} — T be the open immersion.
Define a subcomplex Nr of e*(j.EndF @ Kx) by replacing the cohomology sheaf H ! =
e*R'j.EndF(1) = (End F);, r at the top degree by the subsheaf ¢(End F);, rx. Here
and in the following (End F');, + denotes the geometrically constant sheaf on 7" with stalk
(End F);,. The trace morphism e};(EndF ® Ky) — e Ky induces e*(j.€ndF @ Kx) —
e*(j«A ® K). Define a morphism Tr: Nz — N, to be the restriction.

Lemma 4.2.1. 1. The isomorphism vHom(j1F, j1F)|rv — ef(EndF @ Ky) induces
(4.2.2) vHom(jiF, ) F) — Nx.

2. The morphism (4.2.2) induces a factorization (4.2.1).

Proof. 1. The isomorphism vHom(jF, j1F)|lrv = vHom(F,F) — ej(EndF @ Ky) in-
duces a morphism vHom(jF, j)F) — e*(j.EndF @ Kx) by adjunction and the smooth
base change theorem. Since 0*vHom(jF, jiF) = 6*(Dx (51 F) R jyF) = Dx(HF) @ jiF =
Ji€EndF ® Kx by Proposition 2.3.7.2, the stalk vHom(jF, 5 F)o at 0 € T' C TX is 0.
Hence by adjunction, vHom(jiF, i F)|rx o3 = € (j:€ndF & Kx)|rx oy = Nrlrx_{o
induces (4.2.2).

2. The restriction to TU of vHom(jF, j)F) — Ny is induced by the trace e}, (EndF @
Ky) — e}, Ky. Hence the assertion follows by adjunction as in the proof of 1. O]
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We have isomorphisms j.End F — End jiF — 0'vHom(5F, 51.F) by Proposition 2.3.7.2
and (4.1.1). This and the identity 17 define the first two arrows in

(4.2.3) A = j.End F = 0'vHom(jiF, i1 F) — O'NF — 0'Nj.
The last two arrows are induced by (4.2.1). Since the Fourier transform of its adjoint
O[A — Ogé’ndj!}" — VHom(j;]:, juf) — N]: — NA

defines A — pHom(jF, i1 F) — +'e"*Kx defining CC,,(51F), the composition of (4.2.3)
determines C'C,,(5iF).

Computations similar to those in Lemma 2.1.13.1 and Corollary 2.1.15.1 work for Nz
and 0'Nx.

Lemma 4.2.2. Let I, denote the inertia group at x € X and Iy denote the inertia group
at 0 € T. Let F' be the representation of I, defined by F and consider the coinvariant
quotient (End F);, as a trivial representation of Iy.

1. The canonical morphism Nz — e*(j.EndF @ Kx) induces a distinguished triangle

(4.2.4) Nz = e*(ju€ndF @ Kx) @ gi(End F), = [1] = (End F);, 7[1] — .
2. The distinguished triangle (4.2.4) induces a distinguished triangle

(4.2.5) 0'Nr = §.EndF ©T(Iy, (End F)1,)o — H' (I, (End F)z, )o[—1] — .

The last two terms are placed at 0 e TNX CTX.

Proof. 1. The distinguished triangle (4.2.4) is clear from the construction of Nr.

2. For the geometrically constant sheaf R = (End F');, 7 on T', we have canonical
isomorphisms 0'R — H'(/, R)o[—2] and 0'gig*R — T'(1o, R)o[—1]. Hence (4.2.4) induces
(4.2.5). O

Lemma 4.2.3. Suppose that the composition
(4.2.6) A = §.End F — 0'vHom (51 F, i) F) — ONF — I'(Io, (End )7, )o

of (4.2.3) and the second component of the first arrow of (4.2.5) maps 1 € H(X,A) to
a € H(Iy, (End F)z,) = (End F);, and let Tr: (End F);, — A be the morphism induced
by the trace. Then, we have

(4.2.7) CC,(HF) = —(rank F - [Tx X] + Tra - [Tr X])

in H?F;(XUT;X(T*X, e Kx).

Proof. The trace morphism End F — A induces a commutative diagram
0Nz —— j.EndF & T(Iy, (End F)7,)o
| | mem
0Ny —— G A @ T(Iy, N)o.

The composition of (4.2.3) and the first component of the first arrow of (4.2.5) maps
1 € HY(X,A) to 17. The equality (4.2.7) follows from this and Corollary 2.1.15.2. O

In this section, we prove the following.
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Proposition 4.2.4. Let j: G,, — X = A! be the open immersion and let F be a locally
constant constructible sheaf of free A-modules of rank n on G, tamely ramified at 0 € X.
Let I, denote the inertia group at 0 € X and Iy denote the inertia group at 0 € T'. Then,
the composition

(4.2.8) JxEnd F — 0'vHom(jiF, i F) — ONF — T'(Iy, (End F);, )

of (4.2.3) and the second component of the first arrow of (4.2.5) induces the canonical
morphism H°(U, EndF) — H°(Iy, (End F);,) = (End F);y, .

Proposition 4.2.4 implies the following equality by Lemma 4.2.3.
Corollary 4.2.5. We have

(4.2.9) CC.(1WF) = —n([Tx X] + [T5 X])

n H%;}XUTS*X<T*X> e Kx).
As a preparation of the proof of Proposition 4.2.4, we first prove a lemma on the
cohomology of a tame inertia group.

Lemma 4.2.6. Let Z/ = @Mn Z/nZ and let I be a profinite group isomorphic to 772 Let

0,7 € I be elements defining an isomorphism Z'> — I and let I, = (o), I, = (7) C I =
I x I be the subgroups isomorphic to 7', Let M be a A-module with a continuous action
of I such that the action of T € I is trivial.

1. The restriction morphisms define an isomorphism

(4.2.10) H'(I, M) — H' (I, M) @ H' (I, M)".
2. Let p=ot1 and I3 = (p) C I = I3 X Iy. Then, we have a commutative diagram

(4.2.10)
e

HY(I, M) HY(I;, M) @ HY (I, M)"

(4.2.11) 1l lﬁ)& 2213>
1 2100 1 1 I
H'(I, M) —— H'(I3, M) ® H' (15, M)

where i}3: HY (I}, M) — H'(I3, M) and i33: H (I, M) = H' (I, M) — H'(I3, M) are

induced by the projections Is — Iy and I3 — Is.

Proof. 1. Let A = A[[I]] be the Completed group algebra and regard M as an A-module.
LG 2 OLTEY 4 of the A-module A, the complex

A @D (0-1)

M? (7_1;> M computes the cohomology H*(1, M). Since 7 acts trivially
on M, we obtain an isomorphism H!(I, M) = Coker(c —1: M — M) ® Ker(oc —1: M —
M) — HY (I, M) @ H'(I, M)"

2. We have a commutative diagram

By the Koszul free resolution A

(o—1,7—1)

M » M2 , M
L 6] &
Y Y T e e e Y
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of complexes. The middle vertical arrow induces the right vertical arrow in (4.2.11). O

To prove Proposition 4.2.4, we prepare a geometric construction. Let X denote Al =
Spec k[x]. We define a commutative diagram

(X x X x Al —— (X x X x Ab)

| |

(X x X x AYY —— X x X x A! = Speck[z,y,u.

The right vertical arrow is the blow-up at the closed point (0,0,0). The upper horizontal
arrow is the blow-up at the inverse image of 6(X) x {0}, in other words, at the pull-
back of the ideal (y — z,u). The lower horizontal arrow is the blow-up at §(X) x {0}.
The left vertical arrow is defined by the universality of blow-up. The open subscheme
Ax (X x X)* C (X x X x A1)? defined by the cartesian diagram

Ax(X x X)F —— (X x X x A

(4.2.12) ql J
Ax(X x X) —— (X x X x AlY

is the complement of the proper transform of the divisor (u) = X x X x {0} C X x X x A’.
The diagonal immersion §: X x A! — X x X x Al is lifted to the immersion 0: (X X
AYY — Ax(X x X)* from the blow-up (X x A!)’ — X x A! at the closed point (0,0). The
projections X x X x A! — X x A! are lifted to smooth morphisms p;, pa: Ax (X x X)* —
(X x ALY,
On Ax(X x X) = Ax(X x X)! x 10, we have a cartesian diagram

Al » B y (X x Ay +— X
(4.2.13) (ﬂ sl Jo Jo
Ay =A? s P y Ax(X x X)b «—— TX

defined as follows. The immersion TX — Ax(X x X) is lifted to a closed immersion
TX — Ax(X x X)5. The proper transform in Ax(X x X)* of the exceptional divisor of
the second blow-up (X x X x A')¥ — (X x X x A')? is the complement P = P¥ — [ in
the blow-up P¥ of P? at (1,1,0) € L = P? = A? of the proper transform L’ of the line L
at infinity. In the middle cartesian square, (X x A')) — Ax(X x X)} is the base change
of the lifting 0: (X x A') — Ax(X x X)* of the morphism 6: X x A = X x X x AL
The closed fiber Ax(X x X)} equals the union P UTX. The intersection P NTX is the
fiber T =TX x x0 C TX and is dense in the exceptional divisor of the blow-up P? — P2,
The inverse image of P is the exceptional divisor E of the blow-up (X x A!) — X x Al
The immersion §: £ — P is an extension of the diagonal morphism §: A' — A2

They are explicitly described as follows. The scheme Ax (X x X)* has an open covering
by two affine spaces A = A3 = Spec k[x1,y1,u] and B = A3 = Spec k[x, w,v]. The second
morphism in

Ax(X x X)* = AUB -5 Ax(X x X) = Speck[z,u,v] = X x X x A = Speck[z, y, u]

is given by y = x+uwv and the first morphism is given by z = zju,v = y; — 1 and u = rw.
The closed subscheme TX C Ax(X x X)? is identified with Spec k[z,v] € B. The closed
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fiber Ay (X x X)} = Ax(X x X)! X 210 has an open covering by Ay = A% = Spec k|1, 1]
and By = Spec k[z, w,v]/(zw).

The blow-up (X x A')" is the union A;UB; of two affine planes A; = A? = Spec k[z, u]
and B; = A? = Spec k[z, w]. The morphism

(X x A'Y = AjU B, — X x A' = Spec k[z, u]

is given by 2 = xju and u = xw. The immersion 0: (X x Al) = AjUB; — Ax(X x X)* =
AU B is given by y; = 7 on 44 C A and by v = 0 on By C B. The morphism
P Ax(X x X)F — (X x A'Y is given by the projections A = Speck[zy,y1,u] — A} =
Spec k[x1,u] and B = Spec k[z,w,v] — By = Spec k[z, w].

We fix notation for immersions of subschemes of Ax (X x X)} as in the diagram

G, 2 Al L, E T X «1- U =x-{0}
I B K o
A2 Py p it TX 2 TU

where 7% = T — {0} is the complement of the origin. The middle vertical arrow and
the labeled horizontal arrows except ir are open immersions. The other vertical arrows,
the unlabeled horizontal arrows and ip are closed immersions. We have A2 = P =T,
TU=TX -Tand T =PNTX. Let e: TX — X be the canonical morphism.

Let F be alocally constant constructible sheaf of free A-modules on G,,, tamely ramified
at 0 € X = A! as in Proposition 4.2.4. Define # = Hom(pr’jF, pryjiiF) on X x X and
let 2" be the pull-back on Ax(X x X). Let W% on Ax(X x X); be the nearby
cycles complex with respect to Ax(X x X)* — A = Speck[u] at 0. Let M = VF|qg,
be the restriction on the complement G,, = E — {0,00} of the nearby cycles complex
UF with respect to (X x A')Y — A! = Speck[u] at 0 as in Lemma 2.3.15. Define
S = Hom(prijaM, pryjaM) on A2

Proposition 4.2.7. The distinguished triangle Y% — V¥ |px @V p — VA4 —
defines a distinguished triangle

We have a canonical isomorphism

Proof. The tensor product ¥.7#*® with the exact sequence 0 — A Ax(XxX)E Arx@®Ap —

A7 — 0 defines a distinguished triangle U 7% — U 7% | x © V% p — U#¥r —. By
identifying A = Spec k1, y1,u] with the fiber product Spec k[x1,u] Xspeckju) Spec by, u]
and by applying [11194, Théoréme 4.7], we obtain an isomorphism W.#%| 5> — 5#,. Since
p1, P2 Ax (X x X)F — (X x A1) are smooth, we obtain isomorphisms W.5#*%|p — jp.. 74\,
V¢ rx — jrx«e*(End F @ Ky) = e*(j.E€ndF @ Kx) and

(4.2.16) VA — (jpudon)|r — € (j.ENdAF @ Kx)|r

by Lemma 2.3.14. Hence we obtain (4.2.14) and (4.2.15). O
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The morphism ¢: Ax (X x X)! = Ay (X x X) induces a morphism ¢: Ax (X x X)5 —
TX = Spec k[z,v] to the tangent bundle. On Ag = Spec k[x1, 31], it is given by v = y; — x4,
x = 0 and on By = Speck[z,w,v]/(zw) by the injection k[z,v] — k[z,w,v]/(zw). The
restriction to TX C Ax(X x X )g is the identity. The restriction to A? induces the
morphism v: A? = Ay = Speck|zy,y1] = T = Speck[v] C TX defined by v = y; — 1.
This is extended to a morphism v: P — T

Corollary 4.2.8. 1. The direct image of (4.2.14) by qo: Ax(X X X)g — TX defines a
distinguished triangle
The second component

(4.2.18) Vs = (Jpedlon)r

of (4.2.17) is given by the restriction v = Usjpsdonr — (psdEn)T-
2. Taking 0' of (4.2.17), we obtain a distinguished triangle

(4.219)  0'vHom(jiF, jF) = jEnd F & T(G,, 5, End M)y — T(G,, 7, End M)y — .

m,k?

The last two terms denote the geometrically constant complexes placed at oo = EN X C
Ax(X x X) and at 0 =TNX CTX.

Proof. 1. Since q: Ax(X x X)* — Ax(X x X) is proper, we have a canonical isomorphism
vHom(jiF, it F) — qo. V5%, Since the restriction of gy to T'X is the identity and that on
A? is v = U o jp, the distinguished triangle (4.2.14) induces (4.2.17).
The direct image v, of the restriction morphism jp.. 7\ — (Jp«7r)7 induces (4.2.18).
2. By the proper base change theorem and [Gro77, (3.2.1)], we have an isomorphism

0w, — D(AY, 00 — T(AL, End jaM) = T(G,, 5, End M).

Hence (4.2.19) is induced by (4.2.17). O
We construct a commutative diagram to compute (4.2.8).

Corollary 4.2.9. Let I denote the tame inertia group at oo € E, and let Iy be the
inertia group at 0 € T'. Let M be the representation of Ig defined by M and consider the
coinvariant quotient (End M), as a trivial representation of Ir. We identify (End F);, in
(4.2.8) and (End M)y, in (4.2.20) by the isomorphism e*(j.EndF @ Kx)|r — (Jp«?lm)r
(4.2.15).  The morphism vHom(jF, ) F) — Nz (4.2.2) and the morphism v, —
(JP«?Ou)r (4.2.18) induce a commutative diagram

(4.2.19)
2

0'vHom(jF, 51F) (G, z,End M)
(4.2.20) (4,2.2)l l(4.2.18)

0N (4.2.5)

m,k>’

F(]T, (El’ld M)IE)O

where the terms in the right column are placed at 0 =T NX CTX.
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Proof. The morphism vHom(jF, jF) — Nz (4.2.2) is induced by vHom(jF, ) F) —
e*(j.€ndF @ Kx). We identify e*(j.EndF @ Kx)|r with (jp.#€\)r by the isomorphism
(4.2.15). Then by (4.2.19) and (4.2.5), we obtain (4.2.20). O

To complete the proof of Proposition 4.2.4, we compute the morphism

(4.2.21) HY(G,, 7, End M) — H°(Ir, (End M),)

m,k?

induced by the right vertical arrow in the commutative diagram (4.2.20), in Lemma 4.2.10
below. By the canonical isomorphism 0'% = ja.End M [Gro77, (3.2.1)], we obtain a
distinguished triangle I'(G,, z,End M) — T(A2, ) — T(A2 = 6(AL), Hu) —. We
have T'(A2, #) = (AL, D(iiM)) @ T(AL, jiM) = 0 by Lemma 2.3.4.2. Hence for the
left hand side of (4.2.21), we obtain an isomorphism

(4.2.22) H'(A2 - §(A}), ) — H(G,, 5, End M).

m,k>

Since the action of Ir is trivial, the right hand side of (4.2.21) is identified with
(4.2.23) H°(I7, (End M);,) = (End M), = H' (I, End M(1)).

Let P, be the strict localization of P at oo = FNT and let V = P, xp(A% = §(A')) C P,.
We identify the tame fundamental group (V)%™ with I x Iy and I'(V, %) with
I'(Ig x Ir,End M(1))[2]. We define

(4.2.24) H YV, #4) = H' (Ig x Ir,End M (1)) — H' (I, End M (1))

to be the restriction morphism for Iy — I x I7. Since the second component of the right
vertical arrow in (4.2.20) is induced by v, — (jp«#\m)|r, We have a commutative
diagram

H_1<A% - 6(Aé>’%/\/l) H_l(V7 <%/\/l)
(4.2.25) (4‘2-22)J l(4.2.24)
HY(G, 7. End M) 22 HI(Ip, End M(1)).

m,k>?

The upper horizontal arrow is the pull-back by V' — A2 — §(A}).

To compute the morphism (4.2.21), we introduce a geometric construction. Let P? be
the strict localization of P? at (1,1,0) € L = P? — A? and let U = P? xp2 (A2 = §(A')) C
P2. Let I1, be the tame inertia group at (1,1,0) € L and let Ip: be the tame inertia group
at (1,1,0) € P! in the closure P! of §(A'). We identify the tame fundamental group
m(U)™™me with Ip1 x I,. We regard End M (1) as a representation of Ip: x I, with the
canonical action of Ip:1 and the trivial action of I;. Then we have an identification

(4.2.26) T (U, #) = T(Ip x I, End M(1))[2].

The restriction P — P? of the blow-up at (1,1,0) induces a morphism V' — U. We have
a commutative diagram

ﬂ.l(U)tame — [Pl X [L

(4.2.27) T T(} 0)

Wl(v)tame — IE X IT
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of isomorphisms for the tame fundamental groups.
We consider the diagram
(4.2.28)
H_l(A%—5<A%),%M> — H_l(U,%M) E— H_l(v,%/\/()

l (4.2.26)l :1(4.2.24)

H(G, i, End M) —— H'(Ip1 x I, End M(1)) —— H'(I5 x I, End M(1)).

The upper horizontal arrows are induced by V. — U — A? = §(A'). The lower right
horizontal arrow is induced by the left vertical arrow of (4.2.27) and the right square is
commutative. To complete the proof of Proposition 4.2.4, it suffices to show the following
lemma.

Lemma 4.2.10. We identify

H(G, ,End M) = H(Ipr, H' (11, End M (1))) = H°(Ip, H' (I, End M (1))).

m,k>

1. Define HY(G, 7, End M) — H(Ip1 x I, End M (1)) to be the inclusion of the direct

m,k>

summand H°(Ip:, H' (I, End M(1))) € H'(Ipr x I, End M(1)) in Lemma 4.2.6.1. Then,
the left square in the diagram (4.2.28) is commutative.
2. The morphism (4.2.21) equals the morphism

(4.2.29) H°(Ig,H'(Ir,End M(1))) = H* (17, H° (I, End M (1))) — H' (I, End M(1))

induced by the canonical isomorphism Iy — Ip compatible with the inclusion H°(Ig, End M (1)) —
End M(1).

Proof. 1. Similarly as (4.2.25), we have a commutative diagram
T(AZ - 0(A}), ) — (U, 7o)
(4.2.30) | |
(G, 5 End M)[1] —— T(Ipr, H' (11, End M(1))[1]).
By Lemma 4.2.6.1, it suffices to show that the composition
H™'(A2 = §(A}), ) — H (U, #0) — H' (I, x Ipr, End M(1)) — H'(Ip1, End M (1))

is the 0-mapping.

Let jp2: A2 — P2 be the open immersion and set G = (jp2,.5)|r. Let 0,1,00 € L
be the intersections of the closures of 0 x A', §(A'), A' x 0 with L in P2 Let L; be the
strict localization of L at a geometric point above 1 € L and set Uy = Ly x (L = {1}).
Let jo: L = {0} — L be the open immersion. Since G — Jjo.j3G is an isomorphism, we
have a commutative diagram

H (A2 = §(AL), #) —— H (U, Hy) —— H'(Ips, End M(1))

(4.2.31) l l l

HYL-1{0,1},§g) —— HYU,G) —— HY(U,H'G).
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To show that the composition of the lower line is 0, we consider the commutative diagram

H YL -{0,1},G) —— HYU,Q)

! !

HY(L = {0,1},H7'G) —— H(U;,H'G)

Let jo: L = {0} — L be the open immersion. Since jojiG — G is an isomorphism,
we have HY(L = {0,1},#7'G) = 0 and the composition of the lower line of (4.2.31) is 0.
Since the right vertical arrow in (4.2.31) is an isomorphism, the composition of the upper
line is also 0.

2. Define HY(G, 7, End M) — HY(Ig x Ip,End M (1)) to be the direct sum

m,k>
H(I, H' (I7,End M(1))) = H' (I, End M (1)) @ H*(I, H' (I, End M(1)))
= H'(Ig x Iy, End M(1))

of (4.2.29) and the identity for the direct sum decomposition in Lemma 4.2.6.1. Then, the
big rectangle in the diagram (4.2.28) is commutative by the commutative diagram

Ipo x I, &2 10 1,
IXIT T(LO)
[E X IT diog IE‘,

Lemma 4.2.6.2 and 1. Hence (4.2.29) at the position of (4.2.21) in (4.2.25) makes the
diagram (4.2.25) commutative. Since (4.2.22) is an isomorphism, such a morphism is
unique and (4.2.21) equals (4.2.29). O

4.3 Proper push-forward
Lemma 4.3.1. Let

c ‘25D

(4.3.1) l ld

X vy

be a commutative diagram of separated schemes of finite type over k.

1. Define fiecidt — did' fy to be the adjoint of the composition of the canonical isomor-
phism fiec f' — digig'd and the morphism digig'd — did' induced by adj,. Then the
diagram

fiadt —— dd f,

(4.3.2) . | | s
15 commutative.
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2. Define f.c,c® < d.d* f, to be the adjoint of the composition of the canonical isomor-
phism f.c.c™ f* — digig™d™ and the morphism d.g.g*d* — d.d* induced by adj,. Then the
diagram

fo =——= L
(4.3.3) adjcl ladjd
feeud® —— did” [,
15 commutative.

Proof. 1. By the commutative diagram (4.3.1), we have a commutative diagram

g adig !
f!CgC f — dvd
adjcl ladjd

[T

By taking the adjoint, we obtain (4.3.2).
2. Part 2 is proved similarly as 1. ]

ly.

Let f: X — Y be a morphism of smooth schemes over k and i: Z <— X be a closed
immersion such that ¢ = fi: Z — Y is proper. Consider the following commutative
diagram

TexX ST ey w7 S5 pry w7 PR ey
(4.3.4) eg(l eyl leg Je;
X 7 Lz A 4, v

Let F € Dus(Z,A). By [Beil6, Lemma 2.2 (ii)] and Theorem 3.3.6, we have

(4.3.5) SS,(g.F) = SS(guF) C fo8S(inF) = fo55,(i.F) = b" (a1 (S5, (i F))).
The base of S5, (i,F) is contained in Z and we have SS,(i,F) C T*X xx Z. We define
(43.6) fii B o (T X, €5 Kx) — B g o (T7Y, €47 Iy

to be the following composition

Hys, i) (T X, €X' Kx) ~ Hgg ;. 5 (T°X xx Z, ¢V e Kx)
~ Heg 4.r)(T"X xx Z,€]*I' Kx)

%

4.3.7 . ‘
(4.3.7) ~ His, i) (T*X X x Z,e/" Kz)

i
gi=b/a""

H?‘OSS;L(Z‘*J—') (T*Y, ey Ky).

Proposition 4.3.2. Let f: X — Y be a morphism of smooth schemes over k and i: Z —
X be a closed immersion such that g = fi: Z — Y is proper. Let F € Du(Z,A).
1. ([ASO7, Proposition 2.1.6], [Gro77, Théoreme 4.4, Corollaire 4.8]) We have

(4.3.8) Cyu(9:F) = 9:Cz/i(F)
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m HO(Y, Ky)
2. The canonical isomorphism H?S‘SM( "X Xx Z,e/"Kz) — HOSSH(i*]-') (T*X, e Kx)

induced by the isomorphism Kz — i'Kx maps CC,,;(F) to CC,(i.F).
3. We have

(4.3.9) CCL(g:F) = HCC, (i F)
i Hy s, . 085,07 (T e Ky ) = Hy oo, 6.5 (T7Y, ey Ky ).

Proof. We apply Lemma 4.3.1 to the commutative diagram

X « z 1z, z 4, vy

(4.3.10) ‘”‘l %l lvg Py

XxX & gux 29 g0y Wy oy

as follows. Set

Hx = Homxx (priiF, pryin F), A = Homgyx (priF, pryi,JF),
Hr = Homy wy (DU g F, pryguF), K = Homgwy (priF, prog.F),
and identify them with

Ny = Dy(i.F) M i F, & = Dy(F)RiF,

Xy = Dy(g.F)Xg.F, X,=Dy(F)Xg.F,

(4.3.11)

(4.3.12)

by the canonical isomorphisms [Gro77, (3.1.1)]. The canonical morphism Xy — (i X
1x).X; is an isomorphism.
By applying Lemma 4.3.1.1 and by [Gro77, (3.2.1)], we obtain commutative diagrams

SxrHomy (i, F, i, F) —— (i x 1x)yaHomy(F,F)

(4.3.13) l l

~

Hx —— (i x 1x )74,

(1z x fHiryaHomz(F,F) —— ypHomz(F, ¢'g.F)

(4.3.14) l l

(1Z X f)'% i) %7

(9 x Iy)rygHomz(F,g'gF) —— SyrHomy (F, uF)
(4.3.15) l l
(g X 1y)1% é %/

Since ¢ and g are proper, we identify ¢; = 7, and g; = g.. Defining vertical arrows by 1;, 7,
17, adj: F — ¢'qF and 1,7, we obtain commutative diagrams

5X!A & (Z X 1X)!7i!A

(4.3.16) h*fl llf
SxrHomyx (i, F, i, F) +—— (i x Lx)yaHomg(F,F),
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(1z x flraA — YA

(4.3.17) 1% ladj
(12 % f)raHomz(F, F) =y Homy(F, g 9.F),

(g x 1Y)!791A — oA

(4.3.18) adji llg,f
(g x 1y)rygHomz(F, g'qF) —— Sy Homy (g F, g F).

By applying Lemma 4.3.1.2, we obtain commutative diagrams

&X i} (Z X 1x)*|xz

(4.3.19) l l

(lZ X f)l&z ;) X’g

(4.3.20) | |
(1z X f)ri«(DzF @ F) L Yox(DzF @ g* g F),

(g X 1y)*|gg e &y

(4.3.21) l l

(9 % 1y)uYgu (D2 F @ g* g F) —— Oyu(Dy g F & g.F).

The lower line in (4.3.21) is induced by the isomorphism g.(DzF ®g*g.F) — g« Dz F @gsF
given by the projection formula and the canonical isomorphism ¢g.DzF — DygF —
Dyg*.F

Defining vertical arrows by evx: Dxi,JF ® 1,.F — Kx, evy: Dy F @ F — Kz, evg o
(1®adj): DzF ® g*9«F — Dz F @ F — Kz and evy: Dyg¢.F ® g.F — Ky, we obtain
commutative diagrams

Ox+(Dxi,F @i, F) —— (i x 1x)uvu(DzF @ F),
(4.3.22) evXJ levZ

Ox+Kx L (i X 1x)vie Kz,

(17 % f)i(DsF @ F) <2 4, (D1 F @ g"g.F)
(4.3.23) eVZJ/ leVzo(1®adJ')

(1z X fhuKz —— VoL 7,
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(4.3.24) | [

adj

(g X 1Y)*'7g*KZ 5Y*Ky.

The lower line in (4.3.24) is induced by the adjunction ¢,Kz = gig'Ky — Ky
Commutative diagrams (4.3.13), (4.3.16), (4.3.19) and (4.3.22) define a commutative
diagram

(5X1A r—es> (Z X 1)()*%'!/\

| |-

(4.3.25) Hy —— (i x 1x) I
eVXJ( J/QVZ
Sx Ky 29 (i x 1x) vz,

Similarly, commutative diagrams (4.3.14), (4.3.17), (4.3.20) and (4.3.23) define a commu-
tative diagram

(Iz x Flryah —— A

1% Jadj

(4.3.26) (z x fhti —— A,

evzy l J{evgoadj

(1z X P)yuKz —— 75K 7.

Similarly, commutative diagrams (4.3.15), (4.3.18), (4.3.21) and (4.3.24) define a commu-
tative diagram

(9 X 1y)uygA  —— oA

adjl llg*]‘-

(4.3.27) (9% 1y)udt, —— It

evoade/ lev

(g X 1Y)*f}/g*KZ — Oy Ky.

Since 7 is a closed immersion, the diagrams (4.3.26) and (4.3.27) imply (4.3.8).
The commutative diagram (4.3.10) induces a commutative diagram

X ' z tzy gz 9,y

(4.3.28) oxl oll log loy

TX «“ TX xx 7 —* TY xy Z —2 TYV.

The vertical arrows are the 0-sections.
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Since the left square in (4.3.10) is cartesian with proper morphisms, the base change
morphism vy xxx (% X 1x). = ¢Vz/zxx (2.3.36) is an isomorphism. Hence applying the
functor vx/xxx to (4.3.25) defines a commutative diagram

0X1A — C*Oi!/\

l l

(4.3.29) VX/XxX%”X — C*VZ/ZxX%ﬂi

l l

OxKx — C*OZ‘*Kz.

We apply vz/zxy to (4.3.26) and apply the morphism aivz/zxx — Vzjzxy(lz x f)i of
functors (2.3.37) to the left column. Then, we obtain a commutative diagram

a!OZ-;A é OggA

l l

(4.3.30) Wz zxx I —— Vzizxy Hyg

l !

a[Oi*KZ i) Og*Kz.

Since the right square in (4.3.10) is cartesian with proper morphisms, the base change
morphism vy yxy (g X 1y)« = bivz/zxy (2.3.36) is an isomorphism. Hence applying the
functor vy y«y to (4.3.27) defines a commutative diagram

b*OgyA < OygA

l |

(4.3.31) bovzyzxy Hy —— Vyjyxy S

l |

b*Og*KZ — OY*Ky.

The lower line of the commutative diagram (4.3.28) induces the upper line of the
commutative diagram

T X ' =prp*x T*X XXZ o =df Ty XYZ bY=prysy T*Y

(4.3.32) Xl l l ly

X < 2z =z 7z 4, vy

where a" is the dual of a. The vertical arrows are the projections. By applying the
Fourier transform to (4.3.29) and the isomorphism (2.1.49) to the left column and using
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the isomorphisms (2.1.6), we obtain a commutative diagram

A e ey A
(4.3.33) px/xxx Hx — ¢l piz)zxx I

| |

eX'Kx <+— clef*Ky.

By the canonical isomorphism K, — 'K, the bottom arrow induces an isomorphism
HOSS(Z.*F) (T*X, e Kx) H%S(ME) (T*X xx Z,e/*Kz). By (4.3.33), the canonical isomor-
phism H%SM(i*}') (T*X xx Z,e/*Kz) — H%’Su(i*}')(T*X7 ex'Kx) maps CC,;F to CCi.F.

Similarly by applying the Fourier transform to (4.3.30) and the isomorphism (2.1.24)
to the left column and using the isomorphisms (2.1.6), we obtain a commutative diagram

a"*A — A
(4.3.34) a"* pzyzxx . — Wzizxy Ky

| l

\VEPRVE = V%
a*e/* Ky <—— ey K.

Similarly by applying the Fourier transform to (4.3.31) and the isomorphism (2.1.49) to
the left column and using the isomorphisms (2.1.6), we obtain a commutative diagram

bY A — A
(4.3.35) bl 1zizxy Hy — iy yxy Iy

l |

b:{@;}/*KZ —_— 6¥*Ky.

Combining these three diagrams, we obtain the equality (4.3.9). O]

Corollary 4.3.3. Let Z be a proper scheme over k and leti: Z — X be a closed immersion
to a smooth scheme over k. Let F € De(Z,\). Then, we have

(4.3.36) X(Z5 F) = (CCOi(F), Tx X Xx Z)1ex%x 2
in A. The right hand side denotes the image of CC\,;(F) by the composition

Trz/k

(4.3.37) HYq, 5.7 (T"X xx 2,6/ Ky) % 107, Ky) A.

Proof. Let f: X — Y = Speck be the canonical morphism and g = fi. Then, we have

X(Zg, F) = CCL(g.F). Since (CCi(F), TxX Xx Z)r=xxxz = HCC,i.F, the equality
(4.3.36) follows from Proposition 4.3.2.3. O
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4.4 Smooth pull-back
Lemma 4.4.1. Let

(4.4.1) l ld
X« w
be a commutative diagram of separated schemes of finite type over k.

1. Define h'aic' + did'h' to be the adjoint of the composition of the canonical iso-
morphism hdd'h' — cgig'c and the morphism cigig'c’ — ac induced by adj,. Then the
diagram

h!CgC! — d!d!h!
(4.4.2) adjcl ladjd
h! h!

18 commutative.

2. Define h*c,c® — d.d*h* to be the adjoint of the composition of the canonical iso-
morphism ¢.g.g*c* — h.d.d*h* and the morphism c.c* — c.g.g*c* induced by adj,. Then
the diagram

h* —— h*
(4.4.3) adjcl ladjd
h*c.c® —— d.d*h*
18 commutative.

Proof. Similar to Lemma 4.3.1. [

Let h: W — X be a smooth morphism of relative dimension » = dim W — dim X of
smooth schemes over k. Let (3.1.18) be the canonical morphisms of cotangent bundles

and let e : T*X — X, e : T*X xx W — W and e}, : T*W — W be the projections. For
a closed conical subset S C T* X, define a morphism

(4.4.4) R HY(T* X, e Kx) — Hiog(T*W, e Kw')

to be (—1)"-times the composition of b*: HY(T*X, e Kx) — H)_, o(T*X xx W,b*e\* Kx)
and a.: H) 1 (T*X xx Wb*eX* Kx) — H),16)(T*W, ey Kw). Note that the definition

of h' involves the sign (—1)dimX-dimW,

Lemma 4.4.2. Let h: W — X be a smooth morphism of pure relative dimension r =
dim W — dim X of smooth schemes over k. Define a morphism

(4.4.5) h': HY(X, Kx) — HY(W, Ky)

to be the composition of h*: HY(X, Kx) — H*(W, h*Kx) and the cup-product with the top
Chern class c,(TW/X) = (=1)"¢c,(T*W/X) € H* (W, h'A) of the relative tangent bundle.
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Then, the diagram

HY(T*X, e Kx) —s HO.o(T*W, el Ky

(4.4.6) l l

HOX, Kx) —  HOW, Kw)

is commutative. The vertical arrows are defined by the pull-back by the 0-sections.

Proof. 1t suffices to show that the diagram
(4.4.7)

HY(T* X, ef Kx) —— HY, ((T*X xx W,e}*h*Kx) HO, o (T*W, e} Kw)

l l l

H(X,Kx) — HO(W, h* K x) SO, H(W, Ky)

(~1)a.

is commutative. The commutativity of the left square is clear from the functoriality. By
the exact sequence 0 — h*Qy — Qp — Q) — 0, the morphism a,: H) 1 o(T*X xx
W, e*Kx) — H)oo(T*W, ey Ky) is compatible with the cup-product

(4.4.8) Ue, (T*W/X): HY(W, h*Kx) — H (W, Kw).

Hence the assertion follows. O

Proposition 4.4.3. Let h: W — X be a smooth morphism of smooth schemes over k and
F € Dys(X,A). Then, we have

(4.4.9) CCLh*(F) = h'CC,(F)

in H?Io(ss“f)(T*W, ewr Kw) and

(4.4.10) Cwyi(h*F) = h'Cxji(F)

in HY(W, Ky).

Proof. We apply Lemma 4.4.1 to the commutative diagram

X < w & oW

(4.4.11) 5% vhl lfsw

thX leh

XxX &— WxX +—— WxW
as follows. Set

Hx = Homxyx(priF, pré]-"), I, = HomWXX(pr{h!]-", pr!Q]-"),

(4.4.12) Sy
Ay = Homw xw (pril F, proh' F)

and identify them with

(4.4.13) Xx = Dx(F)XF, K, = Dy (h'F)RF, Ry = Dy (h'F)Rh'F

78



by the canonical isomorphisms [Gro77, (3.1.1)]. We have canonical isomorphisms (h X
1x)*#x — 4, and (1w x h)'6, — Hy. We consider the commutative diagram

(lw x W)ty ——s Ay
(4.4.14) T T

(1W X h)* &h ®pr§h'A e &W

where the upper horizontal arrow is an isomorphism.
By applying Lemma 4.4.1.1 and by [Gro77, (3.2.1)], we obtain commutative diagrams

(h X 1)()!5X!HOmX(f, F) — ’}/hI(HOmw(h!f, h'f) X h'A)

(4.4.15) J l

(h x 1x)' — M, @ prihiA,

(]—W X h)!’Yh!HOmw(h!F7 h'f> — 5W[H0mw(h!./—'., h'f)

(4.4.16) l l

(1W X h)|%1 — %W

Since h is smooth, the canonical morphism (h x 1x)*(—) ® prih'A — (h x 1x)" of functors
is an isomorphism and (4.4.15) defines a commutative diagram

(h x 1x)*0x1Homx (F,F) «—— yuHomw (h'F, h'F)

(4.4.17) l l

(h X 1_)()*%)( — %Z

Since h is smooth, the canonical morphism (1y x h)*(—) ® prih'A — (1 x h)' is an
isomorphism and (4.4.16) defines a commutative diagram

(1w x h)*ymHomy (W' F,h'F) @ prih' A +—— dynHomy (h' F, h'F)

(4.4.18) l l

(1w X h)* 54, @ prih'A — Ty .

Defining vertical arrows by 17 and 1,7, we obtain commutative diagrams

(h X lx)*5X!A i) 'Vh!A
(4.4.19) 1fl llw
(h x 1x)*0x1Homx(F,F) —— ymHomw (W' F,h'F),
(1W X h)!’yth adi 5W|A
(4.4.20) 1’1”{ llw

<1W X h>!’yth0mw(h!./_", h'f) — 6W]H0mw<h!f, h'f)
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The upper horizontal arrow in (4.4.20) is the adjoint of the isomorphism 1 <= (1w Xh)1dw1.
By applying Lemma 4.4.1.2, we obtain commutative diagrams

(h X 1)()*@)( " &h

(4.4.21) l l

(h X 1x)*5x*(DX.F®.F) i) ’yh*(th'f(@h*.F),

(1W X h)* &h ®pr§h'A —_ &W
(4.4.22) l l
(L % h) e (Dwh'F @ h*F @ h'A) —2 Sy (Dywh' F @ h'F).

The lower line is induced by the canonical morphism h* ® h'A — h' and the adjoint of the
isomorphism Y4 — (L X h).Opys.

Defining vertical arrows by evy: DxF ® F — Kx, evx o (1 ®adj): DxF @ h*h,F —
DxF ® F — Kx and evy : Dyh*F @ h*F — Ky, we obtain commutative diagrams

(4.4.23) evl lev

(h X 1X)*5X*KX é ’Yh*hf*KX7

(L % 1) Y (Dwh'F @ B*F @ B'A) —2s 5y (D h'F @ B\ F)
(4.4.24) evl lev
adj

The horizontal lines in (4.4.24) are induced by the morphism h*®h'A — h'. The lower line
is further induced by the adjoint of the isomorphism ;. — (1yy xh).0w. and h* K x@h'A —
Ky. Commutative diagrams (4.4.17), (4.4.19), (4.4.21) and (4.4.23) define a commutative
diagram

(h X 1X)*5X!A ; ’yh[A

(4.4.25) (hx 1x) o ——

(h X 1X>*5X*KX i) ’Yh*h*Kx.

Similarly, commutative diagrams (4.4.16), (4.4.20), (4.4.22) and (4.4.24) define a commu-
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tative diagram

(1W X h)*’}/h!h!/\ (i (SWIA
lh!]-'l llh!}'
(4.4.26) (y x h)* 6, @ pryh! A —— Sy

The commutative diagram (4.4.11) induces a commutative diagram
X " w  w
(4.4.27) oxl loh low

TX <2 TX xx W <% TW.

The vertical arrows are the O-sections. Applying the functor vy wxx to (4.4.25) and the
base change morphism b*vx/xxx — vwywxx(h X 1x)* (2.3.35) to the left column, we
obtain a commutative diagram

b*OX!A é Oh!A

l l

(4.4.28) U'vx/xxxHx — VwywxxHh

! !

b 0x. Ky —— Oph'Kx.
Applying the functor vy wxw to (4.4.26) and the base change morphism a*vyw wxw —
vwywxx (Iw x h)* (2.3.38) to the left column, we obtain a commutative diagram

a!OhIA & 0W!A
(4429) a!VW/WXX’-%L <— VW/WXW%W

| l

aIOh*h*KX ﬂ) OW*KW
Let bV: T*X xx W — T*X be the canonical morphism and a": T*X xx W — T*W
be the dual of a. Let e : T*X — X, ¢/: T*"X xx W — W and ¢}},: T*WW — W be the
projections. By applying the Fourier transforms to (4.4.28) and the isomorphism (2.1.50)
to the left column and using the isomorphisms (2.1.6), we obtain a commutative diagram

bV*A —= A
(4.4.30) bV lx)xxx M — pwywxx I,

| |

WKy ——— e/*h*Kx.
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By applying the Fourier transforms to (4.4.29) and the isomorphism (2.1.27) to the left
column and using the isomorphism (2.1.6), we obtain a commutative diagram

a’A — A
(4.4.31) ay pwywxx g, S fwyw xw Sy

! |

a'e*WKx ——  enKw.
By Proposition 2.1.12.2 and 1., the top and the bottom horizontal arrows in (4.4.31) are
res,v and (—1)"adj,v respectively. Hence (4.4.30) and (4.4.31) imply (4.4.9). O

4.5 External products
Let X and Y be smooth k-schemes. Let F € Dey(X,A) and G € D (Y, A). We identify

(4.5.1) T*(X xY)=T*X x T*Y

by the canonical decomposition Q%(xY/k = pry Qﬁ(/k @ pry Q;/k.
For cohomology classes with support, aX 3 denotes the cohomological external product
followed by the canonical isomorphism (cf. [YZ25, (3.2)])

(4.5.2) Kx/i B Ky = Kxyyk-

Lemma 4.5.1. Let 5 = Hom(p; xF,py xF) and #g = Hom(p; G, pyyG). There are
canonical isomorphisms

(453) jf]:gg >~ jf]: X %,
(4'5'4) VéXxY('%]:&g) = Vsx (’%pf) Ixﬂo Vsy (%)
Proof. This follows from Lemma 3.3.1. O]

Theorem 4.5.2 (Microlocal Kiinneth formula). After the identification (4.5.1), there is
a canonical isomorphism

(4.5.5) pHom(FR G, FXG) = uHom(F,F) R uHom(G,G).
Consequently, we have

(4.5.6) SS(FRG) = 85,(F) x $5,(G),
(4.5.7) CC(FRG) = CCL(F)RCC,(G).

Proof. (4.5.5) and (4.5.6) have been proved in Lemma 3.3.1. The equality (4.5.7) follows
from Theorem 3.3.6, Theorem 4.6.2 and [Sail7b, Theorem 2.2]. Here, we provide an
independent proof of (4.5.7).

Consider the kernel 7#%. The cohomological characteristic class of F is represented by
the composition

1 evr
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We have the analogous composites for G and F X G. The compatibility of (4.5.3) with the
identity morphisms gives a commutative diagram

17K1g

Ax XAy 6!)(,%% X 6;%
(4.5.9) ﬁl l:
Axxy T 5!)(><Y%]—'®Q

The canonical morphisms ¢' — 6* give a commutative diagram

S\ A Ry —— 5 o R 68

(4.5.10) ﬁl l:

|
Oxxy HFrg — > Oxxy HFrg.

Its commutativity follows from the naturality of ' — 6* and its compatibility with external
products. The evaluation morphisms give a commutative diagram

evrMevg

&y e K 63 5 Kx/i X Ky,

(4.5.11) :l lg

*
6X><Y%}—|Xg evrRg KXXY/]C

The vertical morphisms are the external-product isomorphisms and (4.5.2). Diagram
(4.5.9) follows from idrgg = idzXidg. To verify (4.5.11), use #F ~ DxF X F and
e ~ DyG X G. Under Dxyy(F K G) = DxF X DyG, the evaluation evzgg is the
composite of the symmetry isomorphism

(4.5.12) (DxFRDyG)® (FRG) = (DxF®F)X (DyG ®G)

and evr Kevg, followed by (4.5.2). Hence (4.5.11) is commutative.
By adjunction, (4.5.8) defines a correspondence

(4513) 5X!AX — %_7: — (SX*KX/h

Let Ox : X < TX be the zero section. Applying Verdier specialization to (4.5.13), we
obtain

(4.5.14) OX!AX — Usyx (jf}') — OX*KX/k‘

Here we use the canonical isomorphisms vs, (dxiAx) = OxiAx and v, (OxKx/m) =
Ox+«K x/i. Applying the Fourier transformation and the canonical isomorphisms

(4515) sz,TX/X(OX!AX) ~ AT*X, F’L[J,TX/X(OX*KX/]C) ~ 6\)/(*KX/I<:
we obtain morphisms

(4.5.16) Apex =5 pHom(F, F) -5 eX Kx .
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These are the two structural morphisms defining CC ,(F).

By [LZ22, Proposition 3.1] and Proposition 2.1.16, the three commutative diagrams
(4.5.9), (4.5.10), and (4.5.11) can be specialized simultaneously. We obtain a commutative
diagram

AT*X X AT*Y % /LHOTTL(.F, F) X MHOTTL(Q, Q) ﬂ) €>/(*Kx/k X €¥/*Ky/k

(4.5.17) :l :l l:,

AT*(XXY) TX’Q> MHOW(I&Q,‘F&Q) W eykaKXXY/k'
The left vertical morphism is induced by the external product of constant sheaves, and
the right one is induced by (4.5.2). Thus (4.5.17) is compatible with both structural
morphisms (4.5.16) defining C'C,,.

We now pass to cohomology with support. Let iz : SS,(F) — T*X and ig : SS,(G) —
T*Y be the closed immersions. By (4.5.6), we have SS,(FXG) = SS,(F) x SS,(G). By
definition, CC,(F) is represented on SS,(F) by the composite

(4.5.18) N — SpHom(F, F) — irel Kx/n,

obtained from (4.5.16) by adjunction (cf. (4.1.10)). By (4.5.17), the external product of
(4.5.18) and its analogue for G is the corresponding composite on S5, (F) x SS,(G). Here
we use the canonical isomorphism

(4.5.19) (ireX Kxn) B (igey” Kyi) = (ir X ig)' eXuy Kxxvk-
Taking H, the resulting class is CC,(F) X CC,(G). By the lower row of (4.5.17), it is
also CC,(F X @G). This proves (4.5.7). O

4.6 Characteristic cycles

In this subsection, we prove that CC), = cl(CC'). We first prove the curve case.

Proposition 4.6.1. Let X be a smooth curve over a perfect field k and F € Dey(X, A).
Then CC,(F) is the cycle class of CC(F).

Proof. Let j: U — X be a dense open immersion such that j*F is locally constant. Since
the assertion is local on X and since we may replace k by an algebraic closure, we may
assume that U = X — {z} is the complement of a k-rational point z € X. It suffices to
show that the coefficient a, of the fiber T X in CC,(F) equals —a,(F).

Let i:  — X be the closed immersion. Then, by Corollary 4.1.7, we have CC\,(F) =
CC,(j1j*F) + CC,(1,3*F). Since CC,(i,i*F) = rank*F - [T X] by Lemma 4.1.4 and
Proposition 4.3.2.2, we may assume that j5,7*F — F is an isomorphism.

Since j*F € Dq(U, A), by [SGA 4%—Rapp, Lemme 4.5.1], there exist a finite complex
L, of locally constant sheaves of free A-modules of finite rank and a quasi-isomorphism
L, — j*F. Hence by Proposition 4.1.6, we may further assume that j*F is a locally
constant sheaf of free A-modules of finite rank.

In the case where X = A', x = 0 and F is a locally constant constructible sheaf
of free A-modules of rank n on U = G, tamely ramified at z, we have CC,(F) =
—n([T%X] + [T;X]) by Corollary 4.2.5 and hence CC,,(F) = clCC(F).
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We show the general case by reducing to this case. Since the assertion is étale local on
X, by [Kat86, Theorem 4.1], we may assume that X = P! = {0}, x = co and U = G,,
and that j*F is a locally constant constructible sheaf of free A-modules of rank n tamely
ramified at 0. Let j: X = P! = {0} — P! be the open immersion. We have SS,(j,F) C
Tp: PLUTPTUT: P, By the tamely ramified case proved above and by the semi-purity
[SGA 43-Cycle, Rappel 2.2.8], we have CC,(jiF) = —n([Tp.P'] + [T;PY]) — ac[TLP]
for some ao € A. We have x(Pi, ,F) = xo(Xg, F) = n — as by Corollary 4.3.3. Since
Xe( X7, F) = n — axF by the Grothendieck—Ogg—Shafarevich formula, we obtain a., =
aF and CC,(F) = clCC(F). O

Theorem 4.6.2. Let X be a smooth connected scheme over a perfect field k and F €
D (X, A). We have

(4.6.1) CCu(F) = cl(CC(F)),

where cl : Zgimx)(SS(F)) =P Z-C; — H%S(I) (T*X,ex*Kx/i) is the cycle class map and
iel
C;(i € I) are irreducible components of SS(F).

Proof. The proof is similar to that of the functorial characterization of characteristic cycles
[Sail8, Proposition 8]. Let C'= SS,(F) = SS(F) C T*X. By [Beil6, 1.3 Theorem (ii)],
we have dimC' < dim X. Hence by the semi-purity [SGA 4%—Cycle, Rappel 2.2.8], we
have HY(T* X, e"*Kx) = @, A[C,] where C, runs through irreducible components of C
of dimension dim X and hence CC,(F) = >, 114|Cs] for some p, € A. Let CC(F) =
> . malCyl. It suffices to show the equality p, = m, in A for each irreducible component
C,.

Since the question is local on X, we may assume that X is affine. By applying Proposi-
tion 4.3.2 to an immersion X — A", we may assume X = A". Further, since the question
is local on X, we may assume that X is projective. We fix a closed immersion X — P,

Let C, be an irreducible component of C' of dimension dim X. Then, there exists a
linear subvariety A C P¥ of codimension 2 and # € X — X N A satisfying the following
conditions. The intersection X N A is transversal. Let X’ — X be the blow-up at X N A
and let f: X’ — Y = P! be the morphism to the projective line parametrizing hyperplanes
containing A. The fibers of f are the intersections with hyperplanes. The point z is an
isolated characteristic point of f: X’ — Y and x is the unique characteristic point in the
fiber f~!(y) for y = f(x). The component C, C T*X is the unique irreducible component
of C' meeting the section df at z. The intersection number (C,, df), equals 1, if necessary
replacing X by X x P! in the case p = 2 [Sail7a, Proposition 5.19].

Let m, be the coefficient of C, in CC(F) and pu, € A be the coefficient of clC,
in CC,(F). Then, we have (CC(F),df), = my(Co,df), € Z and (CC,(F),df), =
ta(Coydf). € A. By the Milnor formula, for the complex of vanishing cycles @, (F, f), we
have dimtot ®,(F, f) = —(CC(F),df)r = —ma(Ca,df ). Since fICC,(F) = CCL(f.F)
by Proposition 4.3.2, the intersection product (CC,(F),df)s = tta(Ca,df), equals the
coefficient —a, f.F of cIT;Y in iCC,(F) = CC,(f.F). By the distinguished triangle
I'(Xy, F) = T(X5, F) — ®,(F, f) — for a geometric generic point 7 of the strict lo-
calization at y, we have dimtot ®,(F, f) = a,f.F. Thus we have dimtot ®,(F, f) =
—mgo(Co,df )y = —pa(Co, df )z Since (C,,df), = 1, we obtain m, = p, in A and hence
CCL(F)=cCC(F). O
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Corollary 4.6.3. Let f: X — Y be a morphism of smooth schemes over a perfect field
k and i: Z — X be a closed immersion such that g = fi: Z — Y s proper. Let F €
Dee(Z,A). We have

(4.6.2) ACC(g.F) = felCC(i, F)  in Hj g4, (T"Y, ey Ky).
In particular, if Y = Speck, then we have
Proof. This follows from Proposition 4.3.2.3 and Theorem 4.6.2. [

Remark 4.6.4. In [Sail8, Conjecture 1], the first named author conjectures that we have
equality CC(g.F) = fiICC(ixF) in CHaimy (foSS (4. F)). If dimf.SS(i.F) < dimY’, then
HY, g0 (7Y ¥ Ky) = CHay (foSS(i.F)) © A = Zaguuy (£S5 (1.F)) © A. When f is
quasi-projective and Y is proper, (4.6.2) is proved in [Sai2l, Theorem 2.2.5]. For (4.6.3),
we show in Corollary 4.9.5 that the equality holds in Z.

Let f: X — Y be a morphism from a smooth scheme X to a smooth connected curve
Y over a perfect field k, and let i: Z — X be a closed immersion such that g = fi: Z - Y
is proper. Let F € D (Z,A). Assume that f is properly SS(i.F)-transversal over a dense
open subset VC Y. Let y € Y \ V be a closed point. We define an intersection number
(CC(ixF), df )r-x,z, as follows.

Let t be a local parameter at y. After shrinking Y around y, we may assume that
Y \ {y} CV and that dt is nowhere zero. Thus dt defines a section dt: Y — T*Y. Let
07+ X — T*X be the composition

(4.6.4) X% X%y TV 47X
Since f is properly SS(i.F)-transversal over Y \ {y}, we have GJI;SS(Z'*]:) C Z,. Hence
(4.6.5) 0;,c1CC(i.F) € HY (X, Kxp)  and  0;,CC(i.F) € CHo(Z,),

where 6" t. is the refined Gysin pull-back along 6;;. The compatibility between the cycle
class map and refined Gysin pull-back gives the commutative diagram (cf. [AS07, (1.11)])

CHaimx (S5 (i.F)) == Hyg 5 (T" X, X Kxpp)

(4.6.6) o, Je3
CHo(2y) HY, (X, Kx/r)-

cl

It follows that

(4.6.7) 0;,c1CC(i.F) = cl(0,CC(>i.F))  in  HY (X, Kxp).
We define (cf. [Sai2l, (2.5)])

(4.6.8) (CC(ixF), df )1+ x.2, = degyy, (05,CC(i,.F)).

Here degy,, denotes the degree map CH(Z,) — CHy(y) = Z, which is defined since Z,
is proper over y. The resulting class and its degree are independent of the choice of the
local parameter t, since CC(i,.F) is conical.
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Proposition 4.6.5. Let f: X — Y be a morphism from a smooth scheme X to a smooth
connected curve Y over a perfect field k, and let i: Z — X be a closed immersion such
that g = fi: Z —'Y is proper. Let F € D(Z,\). Let y € Y be a closed point. Assume
that f is properly SS(i.JF)-transversal over a dense open subset V- CY. Then we have

(4.6.9) —ay(g.F) = (CC(iuF), df )rx,z, in H)(Y,Kys) ~ A,

where a, is the Artin conductor.

Assuming an additional condition, we prove in Corollary 4.9.6 that the equality (4.6.9)
holds in Z.

Proof. Let t be a local parameter at y. After shrinking Y around y, we may assume that
Y \ {y} C V and that dt is nowhere zero. Consider the correspondence

(4.6.10) X <L X %y TV 25 T,

By the assumption, we have dt ! ( foSS (i F )) C {y} and a commutative diagram

* * Ji * *
H%S(’L*}—)<T X7 6& KX/k) EE— H?st(l*}-)(T Y, 6¥ KY/k)

(4.6.11) 9;{ lei*d,t

By Corollary 4.6.3, we have
(4.6.12) fdCC (i, F) = dCC(g.F)  in Hj g6, (T7Y, ey Kyp).

On the curve Y, the coefficient of 1Y in CC(g.F) is —ay(g.F). Since dt is disjoint from
the zero section and meets 7Y transversally with multiplicity one, it follows that

(4.6.13) 9:05, (ACC (i, F)) = —ay(g.F) - clfy].

The equality (4.6.9) now follows from (4.6.7), (4.6.8) and (4.6.13). O

4.7 An Artin—Schreier sheaf

In this section, we compute C'C), for an Artin-Schreier sheaf with wild ramification, directly
without using Proposition 4.6.1.

Lemma 4.7.1. Let

X 254
be a cartesian diagram of separated schemes of finite type over k.
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1. Assume that the wvertical arrows are closed immersions and define a morphism
¢did — ac'q* by ¢*Hom(d A, —) — Hom(c.A, q*—). Then, the diagram

acqt +—— ¢ dd'
(4.7.1) . | | s
¢ — qF
18 commautative.
2. The diagram

adj
q* Jd } q*d*d*

(4.7.2) adjcl lbc
CCt gt 2 e gtd”
15 commutative.
Proof. 1. This follows from the commutative diagram
¢ Hom(d A, —) —— Hom(c.\,q"—)
| |
¢ Hom(A, —) —— Hom(A,¢"—).

2. By adjunction and by the definition of ¢*d, — c.g*, this follows from the commu-

tative diagram
adjy

1 d.d*

adquJ( ladjg

QCCq* P d.g.g*d*.
O

Proposition 4.7.2. Let jx: X — {0} = Speck[z*!] — X = Al = Speck[z] be the open
immersion and let F = jx1Ly(1/). Then, we have

(4.7.3) CCU(F) = —cl([TxX]+2-[T;X])
in H ooy (17X, €7 Kx).
Proof. Set X x X = Speck[z,y] and let
Ax(X x X) = A® = Speck[z,u,v] - A' = Spec k[u]

be the deformation to the normal bundle ' = TX = Spec k[z,v] for v = (y — x)/u. Let
q: X — W = Speck[w] be the morphism defined by k[w] — k[z] sending w to —z%. We
construct a commutative diagram

(4.7.4)
X x Al —— W x A' =Speck[w,u] +—— W x Al

| Jos Joo

Ax(X x X) 25 A = Speck[w,u,v] «2 B> B = Spec kw, u, s].
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The left vertical arrow §: X x A! = Spec k[x,u] = Ax(X x X) = Spec k[z, u, v] is a lifting
of the diagonal X x A — X x X x A' and is defined by the surjection k[z, u,v] — k[x,u]
sending v to 0. The morphism g4: Ax(X x X) = Speck|x,u,v] — A = Spec k[w, u,v] is
defined by w = —z(z + uv) and the left square is cartesian. The morphism §: B — A
is the blow-up at the ideal (w,v) and B C B is the complement of the proper transform
of the divisor w = 0. The restriction g: B — A of g is a morphism of line bundles over
W x A! defined by v = ws and the vertical arrows in the left square are the O-sections.

The base change of the lower line to the origin 0 — A! = Spec k[u] gives the upper
line of the diagram

TX -2 E=Speckw,] S F D F= Speck[w, 5]

(4.7.5) l lE leF

X 2w PR 1174

of line bundles. The right square in (4.7.4) is the base change of that in (4.7.5).
We have an isomorphism

(Jx x jxnL(1/y — 1/z) @ pri Kx — Hom(priF, pré}")

on X x X. Let % on X x X x G, be the pull-back of Hom (priF,pryF). Let e4: A — W
be the projection and j4: Spec k[w*!, u,v] — A be the open immersion. Define %4 on A
by

H = jaLly(uww/w) @ ey Kw

and let 4. be the restriction on A° = A — E. We extend the canonical isomorphism
(q*KW)|X_{0} — KX|X_{0} uniquely to an isomorphism ¢* Ky — Ky and identify them
and let g40: X X X X G,, — A° be the restriction of g4. Then, since

y—1/z=—(y—a)/zy = —(y — 2)/(z(z + w)) = wv/w,
we have a canonical isomorphism
(4.7.6) Tx — QyoH ).

By Lemma 4.7.1 applied to gao: X X X x G,, — A°, the isomorphism (4.7.6) defines a
commutative diagram

5!0501%)( — QZOOAOIO}AO%O

| !

(4.7.7) Hy  —— e

l |

820 A —— 000400 o

Here and in the following, the superscript © indicates the base change by G,, — A!. By
the isomorphisms [Gro77, (3.2.1) and (3.1.1)], the identity of F and the evaluation define
isomorphisms

(4.7.8) Jxsh = Hom(F, F) = 8%, 67 Hx — DxF @ F — jxil.
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Let eg: B — W be the projection and let jz: B — B be the open immersion. Define
A5 on B by
Hp = Ly(us) @ ez Ky

and set Hg = jpHp. Let ¢°: B° = B—F — A° = A - F be the restriction of g and
: B° = B—=F — A° be the restriction of g. Let 3. and g be the restrictions of
jfB and #;. Then, since u is invertible on B°, we have 1som0rphlsms

(4.7.9) geip(L(us)|pe) = g (L(us)|pe) = L(uv/w)|a

This induces an isomorphism
(4710) %40 — QO% o = g?%o.

We consider the cartesian diagram

A PR B e B

o [+= [+

W x Al +— g7 YW x AY) «——— g7 }(W x A1),

The inverse image g~' (W x A') is the union of the 0-section 05(1 x A') and the fiber By =
B xy 0. Similarly as (4.7.7), by Lemma 4.3.1 applied to g°: B® — A°, the isomorphism
(4.7.10) defines a commutative diagram

OAOIOAo%o E— g*+ +O'%

l 1

(4.7.11) Hpo = G2 g

l |

0404 OAojéaAo — g>|< —|— +O*

on A°. By proper base change theorem, the horizontal arrows are isomorphisms.

We compute the top and the bottom of the right column of (4.7.11). Let jy : G,, = W
and jiyxat: G x AY — W x Al be the open immersions. The canonical morphism
+5 A% @ +!§A — —i—%%%o is an isomorphism and we have a distinguished triangle
Ag, — +!§e*§KW — O JwxarA —. Since g2 (L(us)|g
cal isomorphisms

o) = 0 (4.7.9), we have canoni-

(4.7.12) G0 +5 +5e — Oaofwsarh = Go0porjwxand,
(4.7.13) Gy +5, t5 75 < OacsjwxanKw = GL0po1jwxanKw.

Let 79 be the generic point of the henselization of A! = Speck[u] at 0 € A’ and let
va: Der(A°, A) — Dee(E x5 19, A) be the specialization functor. Let jr: F — F be the
open immersion. By Proposition 2.1.4.1, the projection B — W x A is locally acyclic
relatively to /4. Hence by [11177, Corollaire 2.7], the composition B — A' = Spec k[u] is
locally acyclic relatively to ¢ and we have V5 = 6|5 = jrepKy. Here U denotes
the nearby cycles functor for B — A! = Speck[u] at 0 € A, Let gr: F — E be the
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restriction of g: B — A. Then, by proper base change theorem, the isomorphisms (4.7.12)
and (4.7.13) induce isomorphisms

(4.7.14) VA§:1OB;1OB!%%° — gr0pgw«\,  vAG, +%, +5 5 — 9r0rjwi Kw.
Hence the specialization of (4.7.11) defines a commutative diagram

V40401040 0e ——  gmOpjwA

l l

(4.7.15) vaae  ——  grepKw
V4040,0%0 700 <—— gpO0p.Jwi Kw

on E where the horizontal arrows are isomorphisms.
Let Ozo: W x G,,, — B be the 0-section and consider the canonical morphisms

(4.7.16) Ogo\Ogo Hoge — +%) +5 Hgo — Hgo — +5 +5 Hge — 0o, 0o Hge,

B*B

where the middle arrows induce the right columns of (4.7.11) and (4.7.15). Then, the
specialization of compositions in (4.7.16) defines

where the first arrow is the adjoint of the canonical isomorphism A — 0%e% Ky, and the
second arrow is the restriction.

Let pa: Deyg(A°, A) — Deys(EY Xgmo, A) denote the composition of v4 with the Fourier
transform Fy. Let g).: EY — F be the dual of gr: F' — E and define a cartesian diagram

g (W) — W
+E\/l lOFV
EY g—lvw> V.

Let egv: EY — W and epv: FY — W be the canonical morphisms. Since Fygmeh Ky =
- 0pvi A = 4+ v A by Proposition 2.1.9, the Fourier transform of (4.7.15) gives

14040100 e —— €y fiurs

! !

(4.7.18) patye  ——  Fpv

| l

,UAOA"*OZO %40 — €Eij!KW

on the dual EV. To compute the Fourier transform of the right column, we apply the
isomorphism Fgp — g5*F (2.1.24) and the isomorphisms (2.1.6) and (2.1.8). We consider
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the commutative diagram

G*EVA — F¢OE1A — g\F/'*A

! ! |

(4719) +EV*A — Fq/,gpge}}KW — g}/;*OFle

! ! !

e*E'\/KW — FwOE’*KW S g}*e}vKW.

The left column is obtained from the right column of (4.7.18) by taking the compositions
with A — jw.A and jy 1 Kw — K. The right half is obtained by applying the iso-
morphism Fygm < gp Fy (2.1.24) to (4.7.17). By the description above of (4.7.17) and
Proposition 2.1.11, the composition of the right column is g/ of —1-times the cycle class
of the O-section. By the commutativity of the diagram, the left column is —1-times the
cycle class of gy ' (W).

Let vx: Degr(X X X X Gy, A) = Do (TX Xy 1m0, A) be the specialization functor and
let px be the composition with the Fourier transform. Let Ox: X — T'X be the 0-section.
The specialization of the commutative diagram (4.7.7) defines a commutative diagram

OX!O!XVX%X «— q;ﬂI/AOA!OL‘%

| l

(4720) I/Xfifx — Q}VA%

l l

OX*O}V)(%X — q}VAOA*OZ%.
By Proposition 2.3.7.2, the isomorphisms (4.7.8) induce isomorphisms
(4.7.21) Jxs\ = O vx b, OxvxHx — jxiA.

Let gp«: T*X — EY denote the morphism induced by g7 on the dual. Then the Fourier
transform of (4.7.20) gives

e jxi\ S Gepa0a045)

| |

(4.7.22) pxHx  ——  Gepnly

! l

e jxiKx_o ¢ qp-11404.0%454

on T*X. Since the ramification index of ¢: X — W is 2, the pull-back ¢}..: H}(EY, el Kw) —
HY (T* X, eX* K x) maps the class of the composition of the left column in (4.7.19) to the
class —([T%X] +2- [Ty X]). Thus, combining (4.7.18) and (4.7.22), we obtain (4.7.3). O

4.8 Characteristic classes and characteristic cycles

In this subsection, we show that the cohomological characteristic class C'x is the cycle
class of the characteristic cycle CC. This proves the conjecture [Sail7a, Conjecture 6.8]
formulated by the first named author.
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Let X be a smooth scheme over a perfect field k. Let ex : TX — X and ey : T*X — X
be the projections, and let 0 : X «— TX,0¥V : X — T*X be the zero sections. Let
0: X — X x X be the diagonal morphism.

Let ¢ : Z — X be a closed immersion. By transitivity of extraordinary pull-back, we
have a canonical isomorphism K/, = i'K x/k- Excision gives an isomorphism

(4.8.1) vz HY(Z, Kzp) = HY(X, Kx/1,)-

Let Ox : X < T*X be the zero section. Let F € Ds(Z,A). Since both SS,,(i.F) and
SS(i.F) lie over Z, pull-back by the zero-section defines a morphism

(4.8.2) 0% 2 - Hg, 7 (T X, eX Kxyr) — HY (X, Kx/p).
By Lemma 4.1.9 and Proposition 4.3.2.2, we have
(483) OE’ZC’OH(Z*}) = Lz(Oz/k(.F».

Lemma 4.8.1. Leti: Z — X be a closed immersion to a smooth scheme X of dimension
d over k. Let clx : CHy(SS(i.F)) — H%S(Z.*f) (T X, e’ Kxi) be the cycle-class map with
support. Then we have

(4.8.4) 0%z clx (CC(iuF)) = 1z (Clz(CCZ’O(]:))),

where cczo(F) denotes the characteristic class associated with the cycle CC(i,F) (see
[Sail7a, Definition 6.7]).

Proof. The cycle CC(i.F) is a cycle on T*X whose base is contained in Z. Since the zero
section is a regular immersion, the compatibility of the cycle-class map with refined Gysin
pull-back gives a commutative diagram (cf. [AS07, (1.11)])

CHa(SS (i, F)) —=— Hig 5 (T X, €¥ Kxp)

(4.8.5) olxl |0z
CHo(Z> > H%(X, KX/k)

Lzoclz

The lower horizontal morphism is the cycle-class map followed by the excision isomorphism,
since the intersection is supported on Z. Applying the diagram to CC(i,F), we obtain

(4.8.6) 0% 2 clx (CC(inF)) = 1z clz (05 CC (i, F)) = 14 clz(cezo(F)),
where the second equality follows from [Sail7a, Definition 6.7.2 and Lemma 6.9.1]. m

Theorem 4.8.2 ([Sail7a, Conjecture 6.8]). Let Z be a k-scheme admitting a closed im-
mersion into a smooth k-scheme. For every F € Dt (Z,\), we have

(4.8.7) Cz(F) = clz(cezo(F)) in HY(Z, Kz.).

Proof. Take a closed immersion ¢ : Z — X with X smooth. We first assume that there
exists a non-trivial character ¢ : F, — A*. Applying Theorem 4.6.2, we have

(4.8.8) CC (i F) = clx (CC(i.F))  in Hygy 5 (T X, eX Kxyp)-
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Apply 0% , to (4.8.8). By (4.8.3) and Lemma 4.8.1, the two sides are, respectively,

(489) Lz(oz/k(]:)) and Lz(Clz(CCZp(.F))).

Since ¢z is an isomorphism, we obtain (4.8.7).
In general, let (A’;) be as in Lemma 2.1.1. By [Sail7a, (5.15)], we have

(4.8.10) CC(i,F) = CC (i, Fu).

The characteristic class Cz/(F) is defined using the identity endomorphism, adjunction,
and evaluation. These constructions commute with coefficient extension. Thus, the image
of Cy/x(F) under the canonical map

(4.8.11) 7 HYZ,Kzp) = H(Z,Kzp) @a N ~ H*(Z,Kz/0/)

is Cz/k(Fa). By the previous case, we have equality in H(Z, Kz a/):

4.8.10
(4812) T(Cz/k(.r)) = Cz/k(f/\/) = Clz(CCZ70(fA/)) ( = ) T(Clz(CCZp(JT"))).
Since A — A’ is faithfully flat, the map 7 is injective. From (4.8.12), we get the equality
(4.8.7). O

4.9 Microlocalization for /-adic coefficients

Let E/Q be a finite extension, let Op be the ring of integers in F, and let m be a
uniformizer. After replacing E by a finite extension, we assume that there exists a non-
trivial character ¢ : F, = Op.

Let Y be a scheme of finite type over k. Let Deons(Yproet, Or) be the stable oo-category
of constructible pro-étale sheaves on Y with Opg-coefficients. We use analogous notation
for Deons(Yproets ) and Deons(Yproct; Or/m™). By [HRS23, Theorem 7.7], there are natural
equivalences

Dcons(Y;)roéin OE/T‘-m) =~ Dth(K OE/Trm>7
(491) Dcons(Yi)roét; OE) = Dg(Y7 OE)’
Dcons(Y;)roéta E) ~ DS(K E)
By [HRS23, Theorem 1.6 (1) and (2)], there is an equivalence of stable oo-categories

(492) Dcons(Yproét> OE) = l&n Dcons(Yproét7 OE/’]Tm)-

By [HS23, Corollary 2.4], every constructible E-sheaf has an integral model. By [Bar24,
Lemma 2.1], reduction modulo 7 is conservative on derived complete constructible objects.

Assume Y is smooth. The operations used to form the diagonal endomorphism kernel,
Verdier specialization, and Fourier transform preserve constructibility and are compatible
with reduction. Hence, for an integral model Fy of F € Deons(Yproct, ) and F,, = Fo ®éE
Opg/7™, there are canonical isomorphisms

(4.9.3) pHome  (Fo, Fo) @6, Op/m™ = pHome, jzm(Fmy Fm),
(4.9.4) pHomy(F,F) = pHome, (Fo, Fo) @0, E.
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By [Bar24, Proposition 3.6], universal local acyclicity on the pro-étale site is equivalent
to dualizability in the relative correspondence category. It is preserved by smooth pull-
back and proper push-forward. Moreover, Beilinson’s singular support and its projective
Radon description hold for constructible E-sheaves (cf. [Bar24]). Following [UYZ20], the
characteristic cycle of an f-adic sheaf F is defined by

(4.9.5) CC(F):=CC(F),

where F; = Fy @ O/ for any integral model Fy of F.

Theorem 4.9.1. Let X be a smooth k-scheme, and let F € Deons(Xproet; £). Then
(4.9.6) SS,(F) C SS(F).

Proof. The assertion is clear if 7 = 0. By [Bar24, Theorem 1.5 (ii) and (v)], there exists
an integral model Fy € Deons(Xprost, Or) of F such that

where F; = Fy ®(LQE Opg/m. We next compare the microlocal Hom complexes. The isomor-
phisms (4.9.3) and (4.9.4) give

pHome, (Fo, Fo) ®6, Op/m — pHome, - (F1, F1),

4.9.8 ~
(4.9:8) pHome, (Fo, Fo) o, £ — pHomy(F, F).

Let us recall why these compatibilities hold. The diagonal endomorphism kernel can be
written as

(499) %@E<IQ,F0) >~ D@E (fo) X JT"Q.

For constructible complexes, Verdier duality and external products commute with reduc-
tion modulo 7 and with rationalization. Specialization along dx has the same coefficient
compatibility. Finally, the Fourier transform is constructed from pull-back, tensor prod-
uct with the Artin—Schreier sheaf, and compactly supported push-forward, all of which
commute with these changes of coefficients. This proves (4.9.8).

We claim that

(4.9.10) SS,.(F) C SS.(F).

Let U = T*X \ supp,(uHome,, ;-(F1,F1)). By definition, u’HomOE/,r(}"l,flﬂU = 0.
Using the first isomorphism in (4.9.8), we obtain pHom,_(Fo, fo)‘U ®p, Op/m = 0. The
complex

(4.9.11) N = pHome, (Fo, Fo)|,

is constructible and derived m-complete. Derived Nakayama therefore gives N' = 0. More
explicitly, the distinguished triangle

(4.9.12) N SN — N ®j, O/t —
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shows that multiplication by 7 on N is an isomorphism. Hence N ®éE Og/m™ = 0 for
every m > 1. Since N is derived m-complete, we have N ~ Rl‘&lm (N ®(%E OE/Wm) =0.
Rationalizing and using the second isomorphism in (4.9.8), we obtain

(4.9.13) pHomp(F, F)|, ~ pHomy, (fo,F(])‘U ®o,p E = 0.
It follows that
(4914) Suppk(uHomE(f, f)) C Suppk(MHomOE/ﬂ'(flvfl))a

which proves (4.9.10).

Finally, F; is a constructible complex with coefficients in the finite field Og /7. Under
the equivalence (4.9.1) between constructible torsion sheaves on the pro-étale and the étale
sites, Theorem 3.3.6 applies to F; and gives SS,(F;) = SS(F;). Together with (4.9.10)
and (4.9.7), we obtain

(4.9.10) (3.3.21) (4.9.7

(4.9.15) SS.(F) € SS.(F) EY ssF) M2V ss(F),
as required. O

Within the six-functor formalism, the microlocal characteristic cycle CC, for an object
F € Deons(Xproat, £) is also well-defined.

Theorem 4.9.2. Let X be a smooth connected scheme over a perfect field k, and let
F € Deons(Xproat, E). Then we have

(4.9.16) CCu(F) = cl(CC(F)),

where cl : Zgimx)(SS(F)) = H%S(J—‘) (T*X,ex*Kxi) is the cycle class map.
In particular, if X is a smooth curve and F is smooth outside a finite set Z C X, then
we have (cf. [Sail7a, Lemma 5.11.5])

(4.9.17) CCu(F) = —rankF - cl[Tx X] = Y a,(F) - [T} X],

r€Z

where a,(F) is the Artin conductor of F at x.

Proof. By Proposition 4.1.6 and [Sail7a, Lemma 5.13.1], both CC), and C'C are additive
for distinguished triangles. By [Bar24, Theorem 1.5(viii)], we have

(4.9.18) SS(F) = JSs(rH'F).

By additivity and (4.9.18), it suffices to prove the assertion when F is a nonzero perverse
E-sheaf.

Take a torsion-free perverse integral model Fy of F. Put F,, = Fy ®F Og/7™. By
[Bar24, Theorem 1.5(v)] and [Sail7a, Corollary 4.5.4], we have

(4.9.19) SS(F) = SS(Fo) = SS(Fn).
By definition,

(4.9.20) CC(F) = CC(F) = CC(Fy).
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By [Beil6, Theorem 1.3], we have dimSS(F) = dimX. By semi-purity, we have
Hesm) (17X, eX Kxppop/am) =0 (1 <0),

(4.9.21) Hss(r) (77X, X Ko /nm) @OE/W - cloy e [Cal,

Hisr) (T" X, eX Kx.p) = P E - clp[C.

where C,, runs through the irreducible components of SS(F) (of dimension dimX'). These
identifications are compatible with reduction. By (4.9.21), we have an isomorphism

(4.9.22) Heg ) (T° X, eX Kx/noy) = 1# He g (T X, eX Kx/k0p jam).

Indeed, the relevant supported complexes lie in DZ°, so the possible 1'&11 H~!-term van-
ishes.

Since the evaluation morphism and identity section are compatible with reduction, by
the definition of CC), (cf. (4.1.10)) and the isomorphism (4.9.3), we have compatibility

(4.9.23)
H g (T X, eX Kxroy) = Hegr) (T X, eX Kxjkog/am) = Hegm) (T°X, €X' Kxjhop/mm—1)
COM,OE (]:0) — CCM,OE/Wm (]:m) — OC’#’OE/ﬂmfl(].‘m_ﬁ‘
Similarly, for rationalization, we have
(4.9.24) Hys ) (T*X, €X' Kx/r05) ®0g B = Hygr)(T°X, eX Kx1.p)
CCo(Fo) — CCLE(F)

By Theorem 4.6.2, we have
(4925) OCM(]:m) = CIOE/ﬂ.m [CC(fm)] in H?S’S(]—') (T*X, 6}/(*KX/]€,OE/TI’m)'
Passing to the inverse limit and then inverting w, we get CC,(F) = cl(CC(F)). O

Corollary 4.9.3. Let f: X — Y be a morphism of smooth schemes over a perfect field
k and i: Z — X be a closed immersion such that g = fi: Z — Y 1is proper. Let F €
Dcons(Zproét7 E) We have

(4.9.26) dCC(g.F) = fCC(i, F)  in Hj go4.5 (1Y, ey Ky).
Proof. By Theorem 4.9.2, we only need to show the following equality:
(4.9.27) CCu(9.F) = hCC,(inF)  in  Hj g4 (T"Y, ey Ky).

Note that the proof of Proposition 4.3.2.3 is within the six-functor formalism. It still works
in the (-adic case, and the same argument proves (4.9.27). O

Corollary 4.9.4. Let f : X — Y be a morphism from a smooth scheme X to a smooth
connected curve Y over a perfect field k. Let i: Z — X be a closed immersion such that
g = fi: Z =Y is proper. Let F € Deons(Zprost, E) and let y € Y be a closed point.
Assume that f is properly SS(i.JF)-transversal over a dense open subset V- C Y. Then we
have

(4928) —ay(g*}") = (CC(Z*.F), df)T*X,Zy in E.
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In particular, this extends [Sai2l, Theorem 2.2.3] by removing its quasi-projectivity
assumption on f.

Proof. This follows from Corollary 4.9.3 (cf. proof of [Sail8, Lemma 3]). For more details,
see the proof of Proposition 4.6.5. O]

We apply the preceding results to establish two results for finite coefficients.

Corollary 4.9.5. Let X be a smooth scheme over a perfect field k of characteristic p > 0,
and let A be a finite local ring over Z/{"Z for a prime number £ # p. Leti: Z — X
be a closed immersion and F € Des(Z,N). Let cczo(F) = 05CC(i,F) € CHo(Z) be
the refined Gysin pull-back of CC(i.F) by the zero section Ox: X — T*X. Assume Z is
proper over k. Then we have an equality in Z

(4.9.29) X(Zz, F) = degeezo(F).
When Z is projective and smooth, this is proved in [Sail7a, Theorem 7.13].

Proof. By compatibility of characteristic cycles with extension of the base field, we may
assume that k is algebraically closed. Let Ay be the residue field of A. Since x(Z;, F) =
X(Z5, F @% Ag) and cczo(F) = cezo(F @K Ag), we may assume that A is a finite field
of characteristic £ # p. Let K(Z,Q,) be the Grothendieck group of the category of
constructible Q,-sheaves (cf. [UYZ20, 5.2.2]), and similarly for K(Z,F,). Note that the
decomposition homomorphism dy : K(Z,Q,) — K(Z,F,) defined in [UYZ20, 5.2.6] is
surjective. Let G € K(Z,Q,) such that dz(G) = F @ F;. We have x(Z5, F) = x(Z;,G)
and cczo(F) = ccz0(G). By Theorem 4.9.2 and Corollary 4.9.3, we have an equality in
Q,:

(4.9.30) X(Z3,G) = degcez0(9).
From this, we obtain (4.9.29). O

Corollary 4.9.6. Let f : X — Y be a morphism from a smooth scheme X to a smooth
connected curve Y over a perfect field k of characteristic p > 0, and let A be a finite local
ring over Z/0™Z for a prime number { # p. Let i: Z — X be a closed immersion such
that g = fi: Z —'Y is proper. Let F € Doy (Z,\) and let y € Y be a closed point. Assume
that there is a dense open subset V- C'Y such that the restriction gy : Zy = Z Xy V =V
is a smooth morphism and F|z, is locally constant. Then we have

(4.9.31) —ay(9«F) = (CC(1,.F), df )7+ x 2, in Z.

Proof. By compatibility of characteristic cycles and Artin conductors with extension of
the base field, we may assume that £ is algebraically closed. Let Ay be the residue field of
A. Since a,(g.F) = a,(g.F @k Ag) and CC(i.F) = CC(i.F @K Ag), we may assume that
A is a finite field of characteristic ¢ # p.

Let A(F,) (resp. A(Q,)) be the subgroups of K(Z,F,) (resp. K(Z,Q,)) generated by
the classes of constructible sheaves G such that G|, are smooth. Let L(Zy,F,) (resp.
L(Zy,Q,)) be the subgroups of K(Zy,Fy) (resp. K(Zy,Q,)) generated by the classes of
smooth sheaves G on Zy,. Then, we have

(4.9.32) A(Fy) = K(Z\ Zv,Fy) ® L(Zv,F)),
(4.9.33) AQ)) = K(Z\ Zv,Q,) & L(Zv,Qy).
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The decomposition homomorphism d defined in [UYZ20, 5.2.6] induces a surjective map
(4.9.34) d: A(Q,) — A(Fy).

Let G € A(Q,) such that d(G) = F @, Fy. By Corollary 4.9.4, we have

(4.9.35) —a,(9.G) = (CC(i.G),df )r+xz, in Q.

Since a,(9.G) = a,(g.F) and CC(i,G) = CC(i.F), we obtain (4.9.31). O

Remark 4.9.7. Retain the hypotheses of Corollary 4.9.6, except for the local constancy
of Fl|z,. Suppose that gy : Zy — V is smooth and that D C Zy is a relative divisor
with simple normal crossings. Let j : Zy \ D < Zy be the open immersion. Assume that
Flz, =~ L, where L € Ds(Zy \ D, A) is smooth and tamely ramified along D. Then the
same argument shows (4.9.31).

Corollary 4.9.8 (cf. [Blo87, Conjecture|). Let f : X — Y be a proper flat morphism of
smooth schemes over a perfect field k of characteristic p > 0, and let A be a finite local
ring over Z/(™Z for a prime number { # p. Let y € Y be a closed point. Assume that
dimX = n, dimY = 1 and that there is a dense open subset V' C 'Y such that the base
change fy : X Xy V. —V is smooth. Then we have

(4.9.36) —ay(f.A) = (=1)"degyq,) (e, (@) NIX]) 0 Z,

where cn§y(Q§(/Y) is the localized Chern class defined in [Blo87, Section 1].

When f is projective, this is proved in [Sai2l, Corollary 2.2.4].
Proof. By Corollary 4.9.6, we have —ay,(f.A) = (=1)"(Tx X, df )r-x,x,- By [Sai2l, Lemma
2.1.4], we have (T% X, df )r+x,x, = deg (cn%(Q}/Y) N [X]), which proves (4.9.36). O
Proposition 4.9.9. For every perverse E-sheaf P on a smooth k-scheme X, we have
(4.9.37) SS,.(P)=SS(P).

Proof. By definition of SS,,, we have SS,,(P); = SS,(P|x,). By [Bar24, Theorem 1.5(xi)],
we have SS(P); = SS(P|x;). Therefore, we may assume k = k is perfect. The assertion
may be checked on the connected components of X. We may therefore assume that X is
connected, and put n = dim X. The assertion is clear if P = 0. By Theorem 4.9.1, we
have

(4.9.38) SS,.(P) C SS(P).

We first establish the positivity property of CC(P). By [Bar24, Proposition 2.6 and the
proof of Theorem 1.5(v)], we may choose an integral model Py € Perv(X, Og) of P which
is torsion-free as a perverse sheaf. Put P; = P ®(LQE Opg/m. The distinguished triangle

(4.9.39) Py 5 Po — P —>
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shows that Py is perverse. Indeed, PH™}(P;) = ker(ﬂ : Py — Pg) = 0 because P, is
torsion-free, while PH(P;) = coker(m : Py — Py). By [Bar24, Theorem 1.5(ii),(v)], we
have

(4.9.40) SS(Py) = SS(Py) = SS(P).
By [Sail7a, Proposition 5.14], the characteristic cycle CC(P;) is effective and
(4.9.41) supp CC(P1) = SS(Py).

Since the characteristic cycle with FE-coefficients is defined by reduction of an integral
model, if SS(P) = J,c4 Ca is the decomposition into irreducible components, then

(4.9.42) CC(P)=CC(P)) =) ma[C],  mq € Zp.

acA

In particular, SS(P) is purely n-dimensional, and every m, has nonzero image in the
characteristic-zero field F.

We now recall the consequence of semi-purity needed below. If W C T*X is a closed
subset of dimension at most n, then the cycle-class map induces an isomorphism

(4.9.43) g Z,(W) @z E — Hy), (T* X, eX Kxx),

where Z,,(W) denotes the group of n-dimensional cycles supported on .

Indeed, since X is smooth of dimension n, we have e Kx/, ~ E(n)[2n]. A closed
subset of W of dimension strictly smaller than n has codimension at least n + 1 in the
smooth scheme T*X of dimension 2n. Semi-purity therefore shows that such a subset
contributes neither to degree 0 nor to degree 1 cohomology with coefficients in eX" K x .
After removing a closed subset of dimension less than n, the n-dimensional irreducible
components of W become pairwise disjoint regular closed subschemes of codimension n.
Absolute purity then gives one copy of E for each such component, proving (4.9.43).
Moreover, since these identifications are induced by cycle classes, they are compatible
with extension of supports.

Let C = SS(P),C, = SS,(P) and
pc,.c - HOCH (T*X, 6}/{*Kx/k) — HOC(T*X, 6}/(*Kx/k)

be the extension-of-supports morphism. Since C, C C (cf. (4.9.6)) and C is purely
n-dimensional, every n-dimensional irreducible component of C), is one of the C,. Conse-
quently, (4.9.43) gives

(4.9.44) Im(pc,c)~ @B  E-cep((Ca]) CHL(T™X, eX Kxi).
{a€A:C.CC,L}

By Theorem 4.9.2, interpreted after extension of supports along C,, € C, we have

pc,.c(CCL(P)) = clee(CC(P))
(4.9.45) = mg cep([Cd]) in HY(T'X, eX Kxi).

acA

The left-hand side of (4.9.45) belongs to the subspace described in (4.9.44). On the right-
hand side, however, every coefficient m, is nonzero in E. It follows that C, C C), for every

a € A. Therefore C' C C,,. Together with (4.9.38), this proves SS,(P) = SS(P). O
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Lemma 4.9.10. Let X be a smooth k-scheme of pure dimension n. The functor
(4946) o5 [n} : Dcons((X X X)proé‘w E) — Dcons(T*Xproéta E)
18 perverse t-exact.

Proof. 1t suffices to show that both vs, and Fy rx/x [n] are perverse t-exact. The first
assertion follows from [I1194, Corollaire 4.5] and the second assertion follows from [Lau87,
Theorem 1.3.2.3]. O

Lemma 4.9.11. Let X be a smooth k-scheme of pure dimension n, and let F,G €
D cons(Xprost, E). For every integer r € Z, we have a canonical isomorphism

(4.9.47) PH" (nHomx (F,G)[n]) ~ @ pHomyx (PH'F,PH?G)[n].

In particular, we have |J SS,(PH'F) C S5, (F).

Proof. By [BBDG, Propositions 1.3.21 and 4.2.8], we have isomorphisms

PH" (% (F,G)) ~PH" (DxF X G)

~ P Dx(*H'F)R"H/G
(4.9.48) Pt

~ @ #«(PH'F,PHG).

j—i=r

By Lemma 4.9.10, the functor us, [n] is perverse t-exact. Applying it to (4.9.48), we obtain
the isomorphism (4.9.47).

Now take G = F and r = 0. Each uyHomx (PH'F,PH'F)[n] is a direct summand of
PHO(uHomx (F, F)[n]). Thus U SS,(PH'F) C SS,.(F). O

Theorem 4.9.12. Let X be a smooth k-scheme and F € Deons(Xproct; E). We have
(4.9.49) SS,(F) = SS(F).

Proof. By [Bar24, Theorem 1.5.(viii)] and Lemma 4.9.11, we have

i (4.9.37) ;
(4.9.50) SS(F) =JsseuF) =" S, (PH'F) C 85,(F).
Combining (4.9.6) and (4.9.50), we obtain (4.9.49). O
References

[ASO7] A. Abbes and T. Saito, The characteristic class and ramification of an {-adic étale
sheaf, Inventiones Math. 168, 567612 (2007).

[AS11] A. Abbes and T. Saito, Ramification and cleanliness, Tohoku Math. J. 63 (2011),
775-853.

101



[Abe] T. Abe, Ramification theory from homotopical point of wview, I, v2 (2026),
arXiv:2206.02401.

[Bar24] O. Barrett, The singular support of an (-adic sheaf, Tunisian Journal of Mathe-
matics 6, no. 4 (2024), 703-734.

[Beil6] A. Beilinson, Constructible sheaves are holonomic, Selecta Math., 22 (4), 1797
1819 (2016).

[BBDG] A. Beilinson, J. Bernstein, P. Deligne et O. Gabber, Faisceaux pervers,
Astérisque, vol. 100, Société Mathématique de France, Paris, (2018).

[Blo87] S. Bloch, Cycles on arithmetic schemes and Euler characteristics of curves, Alge-
braic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), Proc. Sympos. Pure Math.,
vol. 46, Amer. Math. Soc., Providence, RI, 1987, pp. 421-450.

[Del73] P. Deligne, Le formalisme des cycles évanescents, Groupes de Monodromie en
Géométrie Algébrique, Séminaire de Géométrie Algébrique du Bois-Marie 1967-69,
SGA 7 11, Springer Lecture Notes in Math. 340 Pages 82-115, (1973).

[SGA 4%—Rapp] P. Deligne, Rapport sur la formule des traces, Cohomologie étale,
Séminaire de Géométrie Algébrique du Bois-Marie SGA 41, Pages 76-109, (1977).

[SGA 4%—TF] P. Deligne, Théoréme de finitude en cohomologie (-adique, Cohomologie
étale, Séminaire de Géométrie Algébrique du Bois-Marie SGA 4%, Pages 233-251,
(1977).

[Full] L. Fu, Etale cohomology theory, World Scientific (2011).

[Gro72] A. Grothendieck, rédigé par P. Deligne, Résumé des premiers exposés de
A. Grothendieck, Groupes de Monodromie en Géométrie Algébrique, Séminaire de
Géométrie Algébrique du Bois-Marie 1967-69, SGA 7 I, Springer Lecture Notes in
Math. 288 Pages 1-24, (1972).

[SGA 4%—Cycle] A. Grothendieck, rédigé par P. Deligne, La classe de cohomologie associée
a un cycle, Cohomologie étale, Séminaire de Géométrie Algébrique du Bois-Marie
SGA 43, Springer Lecture Notes in Math. 569 Pages 129-153, (1977).

[Gro77] A. Grothendieck, rédigé par L. Illusie, Formule de Lefschetz, Cohomologie (-
adique et Fonctions L Séminaire de Géométrie Algébrique du Bois-Marie 1965-66,
SGA 5, Springer Lecture Notes in Math. 589 Pages 73-137, (1977).

[HS23] D. Hansen and P. Scholze, Relative perversity, Comm. Amer. Math. Soc. 3 (2023),
631-668.

[HRS23] T. Hemo, T. Richarz, and J. Scholbach, Constructible sheaves on schemes, Adv.
Math. 429 (2023), Paper No. 109179.

[M177] L. Hlusie, Appendice a Théoréme de finitude en cohomologie (-adique, Cohomologie
étale, Séminaire de Géométrie Algébrique du Bois-Marie SGA 4%, Pages 252-261,
(1977).

102


https://arxiv.org/pdf/2206.02401

[11194] L. usie, Autour du théoréme de monodromie locale, Astérisque, tome 223 (1994),
Périodes p-adiques - Séminaire de Bures, 1988, Fontaine, Jean-Marc (éd.), exp. no 1,
p. 9-57.

[ILO14] L. Mlusie, Y. Laszlo, and F. Orgogozo, Travauzr de Gabber sur l'uniformisation
locale et la cohomologie étale des schémas quasi-excellents, Astérisque, Vol. 363-364,
Soc. Math. France, 2014, Séminaire a 1'Ecole Polytechnique 2006-2008.

[Jou77] J. P. Jouanolou, Cohomologie de quelques schémas classiques et théorie coho-
mologique des classes de Chern, Cohomologie (-adique et Fonctions L Séminaire
de Géométrie Algébrique du Bois-Marie 1965-66, SGA 5, Springer Lecture Notes
in Math. 589 Pages 282-350, (1977).

[KS90] M. Kashiwara, P. Schapira, SHEAVES ON MANIFOLDS, Grundlehren der mathe-
matischen Wissenschaften, volume 292, Springer, 1990.

[KL85] N. M. Katz, G. Laumon, Transformation de Fourier et majoration de sommes
exponentielles, Publ. Math. .H.E.S., 62 (1985), 361-418.

[Kat86] N. M. Katz, Local-to-global extensions of representations of fundamental groups,
Annales de l'institut Fourier, tome 36, no 4 (1986), p. 69-106.

[KW00] R. Kiehl and R. Weissauer, WEIL CONJECTURES, PERVERSE SHEAVES AND
(-ADIC FOURIER TRANSFORM, Ergebnisse der Mathematik und ihrer Grenzgebiete
Volume 42 (2000), Springer-Verlag Berlin Heidelberg GmbH.

[Lau87] G. Laumon, Transformation de Fourier, constantes d’équations fonctionnelles et
conjecture de Weil, Publications mathématiques de 'l.H.E.S., tome 65 (1987), p. 131
210.

[LZ22] Q. Lu and W. Zheng, Categorical traces and a relative Lefschetz—Verdier formula,
Forum of Mathematics, Sigma 10 (2022), €10, 1-24.

[Sail7a] T. Saito, The characteristic cycle and the singular support of a constructible sheaf,
Inventiones Math. 207(2) (2017), 597-695. Correction, Inventiones Math. 216(3),
1005-1006.

[Sail7b] T. Saito, Characteristic cycle of the external product of constructible sheaves,
Manuscripta Mathematica, 154, Issue 1-2, 2017, pp 1-12.

[Sail8] T. Saito, On the proper push-forward of the characteristic cycle of a constructible
sheaf, Proceedings of Symposia in Pure Mathematics Volume: 97; 2018; Algebraic
Geometry: Salt Lake City 2015, Part 2, 485-494.

[Sai21] T. Saito, Characteristic cycles and the conductor of direct image, Journal of the
American Mathematical Society 34 (2021), 369-410.

[UYZ20] N. Umezaki, E. Yang and Y. Zhao, Characteristic class and the e-factor of an
étale sheaf, Trans. Amer. Math. Soc. 373 (2020), 6887—-6927.

[Ver83] J. L. Verdier, Spécialisation de faisceaux et monodromie modérée, Astérisque,
tome 101-102 (1983), p. 332-364.

103



[Wang] J. Wang, A new Fourier transform, Math. Res. Lett. Volume 22, Number 5, 1541
1562, 2015.

[YZ25] E. Yang and Y. Zhao, Cohomological Milnor formula and Saito’s conjecture on
characteristic classes, Inventiones Math. 240 (2025), 123-191.

[Zh24] T. Zhou, The Fourier Transform and Characteristic Cycles of Monodromic (-adic
Sheaves, 2024, arXiv:2404.01621.

104


https://arxiv.org/abs/2404.01621

	Introduction
	Fourier transforms and the specialization
	Complements on Fourier transforms
	Deformation to normal bundle
	The specialization functor
	Radon transform

	Singular supports and microlocalization
	Construction
	Inclusion of singular supports
	Equality of singular supports

	Characteristic cycles and microlocalization
	Construction
	Tamely ramified sheaves on curves
	Proper push-forward
	Smooth pull-back
	External products
	Characteristic cycles
	An Artin–Schreier sheaf
	Characteristic classes and characteristic cycles
	Microlocalization for ell-adic coefficients


